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
2.1.1. Lebesgue Spaces
	
    )
      

 
 1 ≤ p < ∞ '     Lp(Ω) 

 
 

  	          	    
 

Lp(Ω) =
{
u : Ω → R :
∫
Ω
|u|p dx < ∞
}
.
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    Lp(Ω) 	 
       

‖u‖Lp(Ω) :=
(∫
Ω
|u|p
) 1
p
.
 	  ‖u‖p 	  ‖u‖Lp(Ω)
   	  Lp(Ω)     Lq(Ω)  q 	 	 	 
1
p
+ 1
q
= 1 ⇔ p = q
q−1   L
1(Ω)    	
  	 L∞(Ω) 
    	  	
L∞(Ω) =
{
u : Ω → R¯ :  	, ess sup |u| < ∞} ,
  		 	   	  	    	 N  	 
ess sup |u| = inf
N
sup
x∈Ω\N
∣∣u(x)∣∣ .
  
  1 ≤ p < +∞    	 Lp(Ω) 	  ! 	   ‖u‖p "
L∞(Ω) 	  ! 	   ‖u‖∞ := ess sup |u|
#  	 	 p = 2   	
 	 L2(Ω) 	  $ 	 % 
 	 
〈u, v〉L2(Ω) :=
∫
Ω
u(x)v(x) dx.
	 
 & 
  u : Ω → R    	 	     g ∈ L1(Ω)  
∫
Ω
g(x)
∣∣∇u(x)∣∣ dx = ∫ ∞
−∞
(∫
u−1(t)
g(x) dHn−1(x)
)
dt,
 Hn−1 		  (n− 1) 	 $	' 	 
u−1(t) := {x ∈ Ω : u(x) = t}.
 	 	 ∫
Ω
∣∣∇u(x)∣∣ dx = ∫ ∞
−∞
Hn−1(u−1(t)) dt.
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2.1.2. Sobolev Spaces
  	
		  	
   	 		 

 	
 1 ≤ k, p < ∞    	 W k,p(Ω) 
	

	 

  	 	    k  
 Lp(Ω)
W k,p(Ω) =
{
u : Lp(Ω) : ∂αu ∈ Lp(Ω), ∀ |α| ≤ k}
  
 
 W k,p  
          	 

‖u‖W k,p(Ω) :=
⎛
⎝∑
|α|≤k
‖∂αu‖pLp(Ω)
⎞
⎠
1
p
,
  
	
 ‖u‖k,p    
 	 
  
 	
	 
W 1,p(Ω)
W 1,p(Ω) =
{
u : Lp(Ω) : ∂xiu ∈ Lp(Ω), i = 1, . . . , n
}
‖u‖1,p =
⎛
⎝‖u‖pp + d∑
i=1
∥∥∂xiu∥∥pp
⎞
⎠
1
p
.
 	
  k = 1 	
 p = 2  	
  ! 	 H1(Ω) := W 1,2(Ω)  
 

   		 
〈u, v〉1 :=
∫
Ω
⎛
⎝uv + d∑
j=1
∂xju∂xjv
⎞
⎠ dx.
  ! 	 H1   
 
  	
	  
	 	
 "
 	
 	
	
	 ! 	    Hk(Ω) := W k,2(Ω) 	 #

2.1.3. BV Space
"
  
  	  

  
 		
  
  


 	  
 	
     "
  
$  	 	
	
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	 		  
   
 
 
 
    	 


 	 
 
   
 		   
    	 
     
L1(Ω)   
  
       
 
       
  


  
	
   	  W 1,1(Ω) 
          


	 
 
 
   
	 
  W 1,1(Ω)  
   
 
  
  

      
 
  	 		 	  
   
	  	  
 
 
   
    	
  
  
 
 
  
    
 
 u  		  	  u     

 
   
 	 
   	  
 L1(Ω) 
 W 1,1(Ω)
  
   	  	    
 
 
 		   		   [ !] 	
	 	  
"	    
   Ω ∈ RN    
 
 #
  		 
 
  
  $
 
     	
   %
  	
		   &	 

'  Ω   
 
 u ∈ L1(Ω)     	 
  u  $
 
TV (u) = |u|BV := sup
φ∈C∞0 (Ω;RN ),‖φ‖∞≤1
∫
Ω
u∇ · φdx.
  	
		 & 
'  Ω   
  $
     
 
   
    	 
 
%
BV (Ω) :=
{
u ∈ L1(Ω) : |u|BV < ∞
}
    	 
 $
  (
	 
 BV (Ω)    
 u = c = 0  
 
	    |u|BV  
  (
	
"
   
	 
 BV (Ω)  
      L1 
 &((
	
‖u‖BV := |u|BV + ‖u‖L1
 	 )   
	 
 
 u  #
    u ∈ W 1,1(Ω)  
  
   	 
 $  
TV (u) =
∫
Ω
|∇u| dx.
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    	  
 	 2.1.22   W 1,1(Ω)     BV (Ω)
   
 
 
	 
  
 	
∫
Ω
|∇u| dx 

  BV (Ω)


  		   


	  
 	  
   2.2.16 		 	  	


  
     BV (Ω)    
      ! "
  BV (Ω) 
  
#      Y  	
Y :=
{
(c,∇ · ϕ) : c ∈ R, ϕ ∈ C(Ω¯;Rd), ϕ|∂Ω · n = 0
}
    	 	 BV0(Ω)   

  
 	
 
 
 
$ 
  
 
 [%&]  	 
  #  

  
 
'	
 	 $
	  	 
  
   
 		
   (		     	
)
• |·|BV  
*
• |·|BV  	 

  	   +   L1
•  
 
	 
 
 
 BV  	  
 L1
  ,
  
 
 [%]
2.1.4. Bochner Spaces
	
  -	 
   X   
 σ	  	    	
 	
.
 *   Rn   / σ	
	
  
	 
/ X 
  	 
   
	 ‖·‖X    Lp(0, T,X ) 
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    	
   	
   X   
	 u : [0, T ] → X 	


‖u‖Lp(0,T ;X ) :=
(∫ T
0
∥∥u(t)∥∥pX dt
) 1
p
< ∞  1 ≤ p < ∞

‖u‖L∞(0,T ;X ) := ess sup0≤t≤T
∥∥u(t)∥∥ < ∞
 
 5   
   
             	
    

 
   	 
	  
	 
 
 Lp(0, T,X ) 	  
 	
    
	 u   

 u(·, t) ∈ X   t ∈ [0, T ]  	
	 
 
	

 
 
	 	
  
 
    
 	

  		
        
!
 X        X ∗         1 < p <
∞, 1
p
+ 1
q
= 1  
Lp(0, T ;X )∗ ∼= Lq(0, T ;X ∗).
" p = 1 
       	
	 	
 L∞(0, T ;X ∗)  
L1(0, T ;X )∗ ∼= L∞(0, T ;X ∗)
    	 [#$]
 		
!
 X   %	     
 Lp(0, T ;X ) 	  %	  
 
  

       	
	 	      
	 
   Lp(0, T ;X )  Lq(0, T ;Y) 	
 p < q &  	  
 '  
	
2.1.5( 
 	
 
 
   
 	 Lp ⊂⊂ Lq !
   


 X ⊂⊂ Y  )

   
  
   
   
 	
Lp(0, T ;X ) ⊂⊂ Lq(0, T ;Y) &  
 	 
 	 *
 		 &	!	
!
 X ,Y ,Z      	
 X ⊂⊂ Y  Y ↪→ Z !
 un   +  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  	
 
 Lp(0, T ;X )  ∂tun     
 Lq(0, T ;Z)  q = 1 
1 ≤ p < ∞  q > 1  1 ≤ p ≤ ∞
 un 
 	
 	 
 L
p(0, T ;Y)
   [, , ]
 	       	  	
 
	  	
 u ∈ Lp(0, T ;X ) 
  	  	  

2.1.5. Embeddings
  	
	
	 ! 

"	 X ⊂ Y   #  
	 	
  ‖·‖X  ‖·‖Y  $  X 

	
   
 Y  
		 X ↪→ Y  
 	 

  X → Y : x → x 

	
 
 ‖x‖Y ≤ C ‖x‖X , ∀x ∈ X   		 C > 0
$ 	 %   	  
 
		 X ⊂⊂ Y  
 	 

 
 
	 	 
    &    & 		 
 ' 
 	
 ‖·‖Y 
 
  	  
 Lp ↪→ Lq 
 p > q 
 
    	 (	 "
 	
	
	 "  ! 

"	 1 ≤ p < q ≤ ∞ 	 Lp(Ω) ↪→ Lq(Ω)
  "	 u ∈ Lp(Ω)  1
p
= 1
q
+ 1
r
 	 
 )* 
&
	 " A.1.9
‖f‖p = ‖1 · f‖p ≤ ‖1‖r ‖f‖q = |Ω| ‖f‖q .
 	
	
	   ! 
 
"	 Ω    
 
 Rn   1 ≤ k ≤ n 	 Ωk   	 
		
  Ω 
	 
  

 k 
 Rn  k = n 	 Ωk = Ω "	 j ≥ 0  m ≥ 1   
	
 	 1 ≤ p < ∞
 
  
	 mp > n  m = n p = 1  1 ≤ k ≤ n 	
W j+m,p(Ω) ↪→ W j,q(Ωk)  p ≤ q ≤ ∞,
2.1 Function Spaces 27
    	
 
Wm,p(Ω) ↪→ Lq(Ω)  p ≤ q ≤ ∞
    1 ≤ k ≤ n   mp = n 
W j+m,p(Ω) ↪→ W j,q(Ωk)  p ≤ q < ∞,
    	
 
Wm,p(Ω) ↪→ Lq(Ω)  p ≤ q < ∞
    mp < n    n−mp < k ≤ n  p = 1   n−m ≤ k ≤ n 
W j+m,p(Ω) ↪→ W j,q(Ωk)  p ≤ q ≤ p∗ = kp
n−mp.
  	
 
Wm,p(Ω) ↪→ Lq(Ω)  p ≤ q ≤ p∗ = np
n−mp.
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  
 Ω ⊂ Rn  ∂Ω C1 
 1 ≤ p < n 
W 1,p(Ω) ⊂⊂ Lq(Ω)
  	 1 ≤ q < p∗  p∗    	 
! 
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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 #     Ω ⊂ R3  
W 1,2(Ω)   !    	 
!  p∗ = 6 $   %  
	 	 !  W 1,2(Ω)  Lq(Ω)  q = 1, . . . , 5
  
 	   ! &    % W k,p %  ! 

	
  '   	  (!

   
  
 Ω ⊂ Rn  ∂Ω ∈ C1, p ∈ [1,∞), k, l ∈ N  l ≥ 1
  q < np
n−pl        	 	 !
W k,p(Ω) ⊂⊂ W k−l,q(Ω)
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  Ω ⊂ Rn 	
 1 ≤ p ≤ n
n−1   
   	


 
 BV (Ω) ↪→ Lp(Ω)  p < n
n−1  
  	 
BV (Ω) ⊂⊂ Lp(Ω)
  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 	 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  
 	
 
  
 	 Lp(0, T ;X ) 	
 Lp(0, T ;Y)  X ↪→ Y   

Lp(0, T ;X ) ↪→ Lp(0, T ;Y)
  ! 1 ≤ s < t ≤ ∞ 	
 
  
 	 Ls(0, T ;X ) 	
 Lt(0, T ;X )
 
  	"  

 

Lt(0, T ;X ) ↪→ Ls(0, T ;X ).
  # 	  $ ! u ∈ Lp(0, T ;X ) %   

 
 X ↪→ Y
 	" ∥∥u(t)∥∥Y ≤ Ct ∥∥u(t)∥∥X ∀t ∈ [0, T ] .
  
	
 Ct   &
  "' t ∈ [0, T ]    
 	 

  t 	

 (

Cm := max
t∈[0,T ]
Ct.
)
 ∥∥u(t)∥∥Y ≤ Cm ∥∥u(t)∥∥X ∀t ∈ [0, T ] .
  *	   	
‖u‖pLp(0,T ;Y) =
∫ T
0
∥∥u(t)∥∥pY dt ≤
∫ T
0
(Cm
∥∥u(t)∥∥X )p dt
= Cpm
∫ T
0
∥∥u(t)∥∥pX dt = Cpm ‖u‖pLp(0,T ;X )
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‖u‖pLp(0,T ;Y) ≤ C ‖u‖pLp(0,T ;X ) .
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2.1.6. Convergence Results
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		
	 X 	  " 	  uk → u  Lp(X )# 	 uk ⇀ u  Lp(X )
  	 v ∈ X ∗ 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 			 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
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		
∣∣〈v, uk〉 − 〈v, u〉∣∣ = ∣∣〈v, uk − u〉∣∣ = ∣∣∣∣
∫
X
v(uk − u)dx
∣∣∣∣ ≤︸︷︷︸
 
‖v‖Lq ‖u− uk‖Lp︸ ︷︷ ︸
→0
$	  	 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	    !	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		 &	 Lp  !			
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	  " 	  uk → u W 1,p(Ω)# 	 uk → u  Lp(Ω)  ∂xiuk → vi
 Lp(Ω) 		 vi  	 '  	!!	  u
   	   	  	 	(  	 W 1,p
$#   	
  	 Lp   uk  ∂xiuk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  L∞(Ω)
     L∞(Ω)      L1(Ω) L1(Ω)      
L∞(Ω)    ∗ 	
  L∞(Ω)  

  Ω ⊂ Rn  
  un ∈ L∞(Ω)     un ∈ L∞(Ω) 	
 ∗  u ∈ L∞(Ω) ∫
Ω
unv →
∫
Ω
uv ∀v ∈ L1(Ω).
 
     L∞(Ω)  	 ∗ 	

2.2. Variational Calculus
!     	  
 
     	
  
     

       
 	
 
		 
 
 "

  
 	#  

$%      $ 
$  $& 
 
    ' %    
$   	


$ '%  
 #$ 
    
 	
 
$ 
 
	
  (

  '
 X ,Y   )    τ1, τ2 " $ J : X → Y
         !  Y   
 % J   
	
 	
! 
 
	   
 Y = R¯      *
	
  +

 '
 X   )  "  J : X → R¯      J(u) = −∞

  u ∈ X   
 #    u ∈ X  J(u) = ∞   

$

  
  	  J 
{
u ∈ X : J(u) < ∞}
2.2.1. Derivatives
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	  	
  	
 X  	 		 	 	 J : X → R¯  	  	
  u ∈ X 
   	
  	  u    v 	
dvJ(u) := lim
t→0
J(u+ tv)− J(u)
t
.
  			 	  	
 X  	 		 	 	 J : X → R¯  	  	
    	

	
dJ(u) :=
{
dvJ(u) : dvJ(u) < ∞  v ∈ X
}
 	

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  u ∈ X   dJ(u) = {∅}    	
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dJ(u)   	

 v ∈ X     	  
	 	
 F : X → R¯
 	
Fv = dvJ(u) ∀v ∈ X ,
	
lim
‖v‖X→0
∣∣J(u+ v)− J(u)− Fv∣∣
‖v‖X
= 0 ∀v ∈ X ,
   	

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"	
  u ∈ X 	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 J : X → R¯  	  	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u ∈ X     	
	    p ∈ X ∗  
J(v)− J(u)− {p, v − u} ≥ 0 ∀v ∈ X .
 p  
   	
  J  u 

∂J(u) :=
{
p ∈ X ∗ : J(v)− J(u)− {p, v − u} ≥ 0 ∀v ∈ X}
 
   		
  J  u
2.2.2. Convexity
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	 $ %
& X 	  '  ( 	 Ω ∈ X  
 
	    u, v ∈ X
αu+ (1− α)v ∈ Ω, ∀α ∈ [0, 1]
  			 $ 
& X 	  ' ) Ω ⊂ X   	 
 J : Ω → R ∪ {∞}  
J  
  	 
	   
J(αu+ (1− α)v) ≤ αJ(u) + (1− α)J(v)
 *
   u, v ∈ Ω 
 α ∈ [0, 1] +   J    
 	  *
   <  
 α ∈ (0, 1)
 			 ,  $ 
" (  J(u) = ‖u‖    
- ( .  J(u) = ‖Ku− f‖       	 
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   p ≥ 1  J(u) = ‖u‖p 	
 
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
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 ‖Ku− f‖22  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 
TV (αu+ (1− αv)) = sup
‖p‖L∞ (Ω)≤1
∫
Ω
(αu+ (1− α)v)∇ · p dx
= sup
‖p‖L∞ (Ω)≤1
∫
Ω
(αu∇ · p+ (1− α)v∇ · p) dx
≤ α sup
‖p‖L∞ (Ω)≤1
∫
Ω
u∇ · p dx+ (1− α) sup
‖p‖L∞ (Ω)≤1
∫
Ω
v∇ · p dx
= αTV (u) + (1− αTV (v)))
2.2.3. Lower Semi-Continuity
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J(u) ≤ lim inf
k
J(uk)
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  
  J : X → R   	
    
	   X     
 
                
     
   uk ⇀ u  J(u) >
limk J(uk)   	
  J    	
   !  

epi(J) :=
{
(u, a) ∈ X × R : a ≥ J(u)}
 	
   J(u) > limk J(uk)  
 b ∈ R  J(u) > b >
limk J(uk)   (u, b) /∈ epi(J) " #$  % [&'](
 	
  epi(J)          
 c, d ∈ R 
p ∈ X ∗ 
cb+ 〈p, u〉+ d ≤ 0

ca+ 〈p, v〉+ d ≥ 0
  (v, a), (u, b) ∈ epi(J) )! a = J(u)  !   !	

cb ≤ cJ(u),
   c > 0   	  c *    a = J(uk), v = uk
b+
1
c
〈p, u〉 ≤ J(uk) + 1
c
〈p, uk〉 .
+    	!  	 〈p, u〉 = lim 〈p, uk〉  b ≤ limk J(uk)  
 
  	   	  −∗    BV (Ω)
    un ⇀
∗ u   ϕk ∈ C∞0 (Ω,Rd)  ‖ϕk‖∞ ≤ 1  
|u|BV = lim
k
∫
Ω
u∇ · ϕk dx.
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    	 
 
 −∗ ∫
Ω
u∇ · ϕk dx = lim
n
∫
Ω
un∇ · ϕk dx
= lim
n
inf
∫
Ω
un∇ · ϕk dx
≤ lim
n
inf sup
ϕ∈C∞0 (Ω;Rd),‖ϕ‖∞≤1
∫
Ω
un∇ · ϕ dx
= lim
n
inf |un|BV .
 
 
 
  k 
|u|BV ≤ limn inf |un|BV .
2.2.4. Existence of Minimizers
  		
	 


 (X , τ)   
   J : X → R∪ {∞}  	
  X    J
    
  
 	 
    
 
  α ∈ R 	 



 

S(α) :=
{
u ∈ X | J(u) ≤ α}
 
 
  
  τ 
 		
	     	

 X  
 	      C > 0   
 

{
u ∈ X : ‖u‖X ≤ C
}
 
  
 ∗ 

	     	  [!"]  !!!#$ 
 %$   %"&
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  	
 	 	 
	  	  
  	  

 	  		 	   	 [] 	  

  	
   	 	 	
 (X , τ)    
  J : X → R ∪ {∞}  	 	 X  		 
J  	 
		
 (2.2.11)  	  2.2.15!
   "

  #	  u¯ ∈ X $ 
J(u¯) = inf
u∈X
J(u)
   uk   # 
% 
  limk→∞ J(uk) = infu∈X J(u)  k0
 # 	# 
  uk0 ∈ S(α)  2.2.15!    
 {uk : k ≥ k0} 
 	
  	 
   
  	# 

% uˆk  limk→∞ J(uˆk) = J(uˆ)
   
inf
u∈X
J(u) ≤ J(uˆ) ≤︸︷︷︸ 2.2.11 limk→∞ J(uˆk) = infu∈X J(u),
  		
  uˆ 
  #	  	 J 
2.2.5. Legendre-Fenchel Duality
	  
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   	 	 	 	
  	 	 

 

 	  
	 	 
 
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  	  	 #  
	 	 	

	 
 	
  	
 	  	 


	 	 
 
&  
  	 ['(, ', )]
 	
 X   * 
   
 X ∗   	
 	 J∗ : X ∗ → R¯ 	 
	 	 J : X → R¯ 
  
J∗(p) := sup
u∈X
{〈p, u〉X − J(u)} 	 p ∈ X ∗.
  	 J∗∗ : X ∗∗ → R¯   
 	 +" 

   X = X ∗∗! 	 J 

 

J∗∗(u) := sup
p∈X ∗
{〈u, p〉X ∗ − J∗(p)} 	 u ∈ X .
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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      	
 J∗∗ !"    	
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 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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   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  	
 
#
 X    $   J : X → R¯    
% J∗∗ ≤ J 
& J∗∗ = J ' (    


  )   
  [*+]
   
  
  
   	
,
  -
" )
 J : Rn → R¯    

       
 ,
(J(·+ a))∗ = J∗(·)− 〈·, a〉 ,
(J(·) + a)∗ = J∗(·)− a,
(λJ(·))∗ = λJ∗( ·
λ
), λ > 0
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 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 2.3.14
   0 -
"  
 J1 : X → R¯  J2 : Y → R¯     

  

  $  X  Y  
  domJ1 ∩ domJ2 = ∅ 
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  K : X → Y   		  
 
      
  

inf
u∈X
{
J1(Ku) + J2(u)
}
= sup
p∈X ∗
{
J∗1 (p) + J
∗
2 (K
∗p)
}
. 
      	 
 []
2.2.6. Duality in Image Processing
 
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
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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% ()*!     

  	
 	 
    !    
	  +
 	

  
 X 	 Y 
	 
    	 〈·, ·〉 	   ‖·‖2 , 

	  
  
  K : X → Y  -!        

 
 
   
 
min
x∈X
G(x) + F (Kx), 

 F,G : X → R  ! . 	   
/
 
  0 
  
!  	 1
    	
 

  		
	 2	
/3/4
 5	 
 
 G(u) := 1
2
‖u− f‖22 	 F (Ku) := α ‖∇u‖1  

J(u) =
1
2
‖u− f‖22 + α ‖∇u‖1 .
0 
 .!   K 
 
   	
 K := ∇ 
 

  	 

 %  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  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  xˆp   	
   
 

min
x∈X
G(x) + F (Kx),

 G  F       


   (xˆpd, yˆpd)  
	
    

min
x∈X
max
y∈Y
〈Kx, y〉+G(x)− F ∗(y).
   xˆp = xˆpd
     
   
 
  F      
    
 F (Kx)    F ∗∗(Kx)  

  
 

min
x∈X
G(x) + F ∗∗(Kx).  !"#
$         
F ∗∗(Kx) = max
y∈Y
〈Kx, y〉 − F ∗(y) = max
y∈Y
〈x,K∗y〉 − F ∗(y).
%
   &' (2.3)  
min
x∈X
G(x) +
{
max
y∈Y
〈x,K∗y〉 − F ∗(y)
}
.  !(#
 G(x)    
      max 
  

 
 
'

min
x∈X
max
y∈Y
G(x) + 〈x,K∗y〉 − F ∗(y).  !)#
  		
	 * *  '
 L2 $

   X = L2(Ω)  J(x) = α
2
‖x‖22 
 α > 0    J∗(x∗) = 12α ‖x∗‖22
  +     α = 1  X   ,
     
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   	 
 X ∗          
J∗(x∗) = sup
x∈L2(Ω)
〈x, x∗〉 − 1
2
‖x‖22 .
  	   J∗  	     
 	 
 xˆ = x∗
!"	   
J∗(x∗) = 〈x∗, x∗〉 − 1
2
‖x∗‖22 =
1
2
‖x∗‖22 .
#   	 α   	   $   5  (λJ(·))∗ = λJ∗( ·
λ
)
  		
	 ! !  %	 & 
$ X    	 
  	 B(X )    		  X  !
J(x) = ‖x‖X      J∗(x∗) = δB(X ∗)(x∗) ' δB(X ∗)   
    		  X ∗  
δB(X ∗)(x∗) :=
⎧⎨
⎩0  x
∗ ∈ B(X ∗)
∞ 	
.
           
   x∗
( $  ‖x∗‖X ∗ ≤ 1 $      		      	

 	
〈x∗, x〉 ≤ ‖x∗‖X ∗ ‖x‖X .
!"	    〈x∗, x〉 − ‖x‖X ≤ 0  〈x∗, 0〉 = 0 = ‖0‖X   
J∗(x∗) = sup
x∗∈X ∗
〈x∗, x〉 − ‖x‖X = 0.
)    ‖x∗‖X ∗ > 1     	        X ∗
‖x∗‖X ∗ = sup
x∈X
〈x∗, x〉
‖x‖X
.
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 	
   x0 ∈ X  
〈x∗, x0〉
‖x0‖X
> 1 ⇔ 〈x∗, x0〉 > ‖x0‖X ⇔ 〈x∗, x0〉 − ‖x0‖X > 0.
 		
    c > 0   
0 < c
(〈x∗, x0〉 − ‖x0‖X )︸ ︷︷ ︸
>0
= 〈x∗, cx0〉 − ‖cx0‖X ≤ J∗(x∗).
   	 c → ∞ 
	   J∗(x∗) = ∞
  		
	        L1 
  J(x) = ‖x+ a‖L1   a ∈ R !   J∗(x∗) = δB(L∞)(x∗) −
〈x∗, a〉 
  " 	
   	    	   5 
(J(·+ a))∗ = J∗(·)− 〈·, a〉 
  			 # $%& '(&' ) ' & *	 ' & +,
  X = Rn,Y = Rm  K ∈ Rm×n -  		 	    
	 	    	 	 
   
1
2
‖Ku− f‖22 . α ‖u‖1 12 ‖p− f‖22 . δB(L∞)(K
T p
α
)
1
2
‖Ku− f‖22 . α ‖u‖∞ 12 ‖p− f‖22 . δB(L1)(K
T p
α
)
1
2
‖Ku− f‖22 . δB(L1)( uα) 12 ‖p− f‖22 . α
∥∥KTp∥∥∞
1
2
‖Ku− f‖22 . δB(L∞)( uα) 12 ‖p− f‖22 . α
∥∥KTp∥∥
1
1
2
‖u− f‖22 . α ‖Ku‖1 12
∥∥KTp− f∥∥2
2
. δB(L∞)(
p
α
)
2.2.7. Examples for Concrete Problems
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      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   L2  	

 x := (x1, . . . , xn), b := (b1, . . . , bn) 	 	   	 
argmin
x
1
2
‖x− b‖22 +
λ
2
‖Kx‖22 ,
 	  	 L2   	 	 	 L2 	   
	  K   	
	  	 	    	    	 	 Ax = b
     	   		
x− b+ λK∗Kx != 0 ⇔ x+ λK∗Kx = b ⇔ (I +K∗K)x = b
	  		 A := I +K∗K  	   
   L1  	

 x := (x1, . . . , xn),a := (a1, . . . , an) 	 	  L
1 	 
argmin
x
1
2
‖x− a‖22 + λ ‖x‖1 .
!		 	  	"  	 ‖x‖1 :=
∑n
i=1 |xi|   	
 	 ‖x‖1 :=√∑n
i=1 x
2
i   	
 L
1 

 
 	 xˆ  	 
xˆ = sgn(a) ·max(|a| − λ, 0) =: Saniso(a, λ)
	  	  	 
xˆ =
a
‖a‖2
·max(‖a‖2 − λ, 0) =: Siso(a, λ)
	    #	      	 	 a 	$ 
  	  	  	

  	 	
    	  [%&] 	    	  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  	 

argmin
x
1
2
‖x− a‖22 + λ
n∑
i=1
|xi| .
   
 
  xi 
   	 
    
 

     
  	 
 	    
argmin
x
1
2λ
‖x− a‖22 + argmax
y∈Y
〈x, y〉 .
     
     	 
 Y :=
{
y : |y| ≤ 1} 
argmin 
 argmax  
 	 
 
  
argmax
y∈Y
argmin
x
1
2λ
‖x− a‖22 + 〈x, y〉 . !"#$
%   	 
 	       
  
  


1
λ
(x− a) + y != 0 ↔ x = a− λy
&   '(
 !"#$ 

argmax
y∈Y
1
2λ
‖a− λy − a‖22 + 〈a− λy, y〉
⇔ argmax
y∈Y
λ
2
‖y‖22 + 〈a, y〉 − λ 〈y, y〉
⇔ argmax
y∈Y
−λ
2
‖y‖22 + 〈a, y〉
⇔ argmax
y∈Y
−λ
2
∥∥∥∥y − aλ
∥∥∥∥2
2
)  
    
 

 
     Y 

yˆ =
⎧⎨
⎩
a
λ

∣∣ a
λ
∣∣ ≤ 1 (⇔ |a| ≤ λ ⇔ |a| − λ ≤ 0)
sgn( a
λ
) 
∣∣ a
λ
∣∣ > 1 (⇔ |a| > λ ⇔ |a| − λ > 0)
* 
+    
   	 

argmin
x
1
2λ
‖x− a‖22 + 〈x, yˆ〉 ,
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   	
 
1
λ
(xˆ− a) + yˆ != 0 ⇔ xˆ = a− λyˆ =
⎧⎨
⎩0  |a| − λ ≤ 0a− λsgn(a)  |a| − λ > 0
  	
    
	
xˆ = sgn(a) ·max(|a| − λ, 0).
  	

    
 	

 	     	 
	 
  	
argmin
x
1
2
‖x− a‖22 + λ
√√√√ n∑
i=1
x2i .
 	  
    	
 	 	   	  
   	   	    		   
 Y     !  	
  
   	  Y :=
{
y : ‖y‖2 ≤ 1
}
 
 	 	   
   	 

argmax
y∈Y
−λ
2
∥∥∥∥y − aλ
∥∥∥∥2
2
 
    	  	  " a
λ

    L2  	


   yˆ = a
λ
      
   L2 	

 
 #  L2
$  a
λ
       a
λ
  	

  yˆ = a‖a‖2    
	
yˆ =
⎧⎪⎨
⎪⎩
a
λ
 ‖a‖2 − λ ≤ 0
a
‖a‖2  ‖a‖2 − λ > 0
 	   
 xˆ 	 

 
xˆ =
⎧⎪⎨
⎪⎩
0  ‖a‖2 − λ ≤ 0
a− λ a‖a‖2  ‖a‖2 − λ > 0
,
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   	
    

xˆ =
a
‖a‖2
·max(‖a‖2 − λ, 0).
    
  
  
 
 L1 
   	 u˜ 
 g
argmin
u
1
2
‖u− u˜‖22 + λ ‖βu− g‖1 , λ, β > 0.
    
 
  
  
f(u) := βu− g.
  L1 
  
  	  	
   


umin = u˜+
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
λβ  f(u˜) < −λβ2
−λβ  f(u˜) > λβ2
−f(u˜)
β
∣∣f(u˜)∣∣ ≤ λβ2
      
   

 
 
   	 
!
 

  
 !  
   	  u = g
β
! 

 L1    "
  
          

 u < g
β
, u > g
β

 u = g
β
 
# u < g
β
  
  
   

 

u− u˜+ λ(−1)β != 0.
!   
   

u = u˜+ λβ.
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  u < g
β
 	 
 
 	

u˜+ λβ <
g
β
⇔ βu˜− g < −λβ2 ⇔ f(u˜) < −λβ2,
	 	
 
 
 	
 u > g
β
  	 	 	     
 
 
 
 u = g
β
   
 	
	 	 
 

 	
 
u− u˜+ λp != 0 ⇔ u = u˜− λp,
 p   
  
 
  ‖βu− g‖1   
 

  
 L1 
 ‖u‖1   
{
p ∈ [−1, 1]} !  	   βu
	 
 
 
 

{
p ∈ [−β, β]}  " 
 g   	



   	
     #	 
 
 

  
 
 p   
 

 	
   
 
 $
u = g
β

g
β
− u˜+ λp = 0 ⇔ p = − g
λβ
+
u˜
λ
.
!
 
 
 
 
  u  
u = u˜− λ
(
− g
λβ
+
u˜
λ
)
= u˜−
(
u˜− g
β
)
= u˜− f(u˜)
β
.
  
 
 
 		
 	
   $ 

 p ∈ [−β, β] 
	
 |p| ≤ β !
 
 ∣∣∣∣− gλβ + u˜λ
∣∣∣∣ ≤ β ⇔ |βu˜− g| ≤ λβ2 ⇔ ∣∣f(u˜)∣∣ ≤ λβ2.
   %	
 &" ' (
 
)  u := (u1, . . . , un)
T ,β := (β1, . . . , βn)
T 
 "  	

f(u) := β · u− g.
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   	 u˜ 
 L1 		
 	
argmin
u
1
2
‖u− u˜‖22 + λ
∥∥f(u)∥∥
1
   
  
 
 
 	
umin = u˜+
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
λβ  f(u˜) < −λ ‖β‖2
−λβ  f(u˜) > λ ‖β‖2
−f(u˜)β‖β‖2 
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2.3. Variational Minimization
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2.3.1. Primal-Dual Framework
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  
 
 	 
  X  Y 6 
  

 〈·, ·〉   	 ‖·‖
1
2
2  4 
	 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J(u) =
1
2
‖u− f‖22 + α ‖∇u‖1 ,
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 G(u) := 1
2
‖u− f‖22 
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y∈Y
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x = (I + τ∂F )−1 (y) := argmin
x
{
‖x− y‖22
2
+ τF (x)
}
= proxτF (y)
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xk+1 = proxτF (x
k − τ∇G(xk)).
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yk+1 = proxσF ∗(y
k − σ∇y〈Kxˆk,−y〉)
= proxσF ∗(y
k + σKxˆk)
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xk+1 = proxτG(x
k − τ∇x〈Kx,−yk+1〉)
= proxτG(x
k − τK∗yk+1)
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x = proxτF (x) + τprox 1
τ
F ∗(
x
τ
)
⇔ proxτF (x) = x− τprox 1
τ
F ∗(
x
τ
).
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yk+1 = yk + σKxˆk − σprox 1
σ
F (
yk
σ
+Kxˆk)
xk+1 = proxτG(x
k − τK∗yk+1)
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xˆk+1 = xk+1 + θ(xk+1 − xk).
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y˜k+1 = yk + σ∇xˆk
yk+1 = y˜k+1 − σ argmin
y
⎧⎨
⎩12
∥∥∥∥∥y − y˜
k+1
σ
∥∥∥∥∥
2
2
+
α
σ
|y|1
⎫⎬
⎭
x˜k+1 = xk − τ(−∇ · yk+1)
xk+1 = argmin
x
{
1
2
∥∥∥x− x˜k+1∥∥∥2
2
+
τ
2
‖x− f‖22
}
xˆk+1 = xk+1 + θ(xk+1 − xk).
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y = S(
α
σ
,
y˜k+1
σ
).
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x− x˜k+1 + τ(x− f) != 0 ⇔ x = 1
1 + τ
(x˜+ τf).
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y˜k+1 = yk + σ∇xˆk
yk+1 = y˜k+1 − σS(α
σ
,
y˜k+1
σ
)
x˜k+1 = xk + τ∇ · yk+1
xk+1 =
1
1 + τ
(x˜+ τf)
xˆk+1 = xk+1 + θ(xk+1 − xk).
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3.1. Background
3.1.1. Introduction
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J(u,Γ) =
∫
Ω
‖u− f‖22 +
∫
Ω\Γ
‖∇u‖22 +Hd−1(Γ). 	
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3.1.2. Mathematical Framework
Segmentation
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• g(0) = c, c ∈ R+ 
• lims→∞ g(s) = 0
	
   
 g 
   
     	   
 

		 

 
 
 	     g   
g(s) =
1
1 + s2
.

   
 	
 	
  g  
   	
 
   
      !
 
  
 
	  
 
 
 	
|∇u| :=
√
u2x + u
2
y,
      "   
 
    	
 
 
#	  Gσ  
     
  
|∇u|σ :=
√
(u ∗Gσ)2x + (u ∗Gσ)2y,
 Gσ :=
1
2π
exp(− x2
2σ2
)
$ 
		 	
   

  
 
  
 

 
	      
 	
	
         	
%  
    	
 !
 
    
 	

 
    
	  & '   ()*+ [,,]      
   	

 	
 
 
	  
 
  u 
   


   
  |∇u|σ  	   !
  	   

  	      
  
   


 '  
    -
.  
   
  

  
   

  

	  / 0  1 
  
  ()* [2)]     


 "    
 	
 
 3
Δ =
∂2
∂x2
+
∂2
∂y2
,
  #	 
 " 	
 !
  	   	
 
 
  u 


   	  
 	
  0 
  
 
 
 
 	
	
  	
   	   	
  g  
 	
 	  "
  
 
  

  
  
 
 
3.2 Algorithms 57
    	  
    
Model:
        	       
 g    	    
	
 	   	        !  "##$ [] %    
  
      
 Φ    	   	  &    '
Φt = |∇Φ| ∇ ·
(
g
∇Φ
|∇Φ|
)
, ()
    	  Φ(·, 0) = Φ0 *        

+' (3.3)        +  '
Φt = |∇Φ| v,
     ,                         v -
    
            v    	
v = ∇ ·
(
g
∇Φ
|∇Φ|
)
.
 g ≡ 1  	      . 
       '   
 '
Φt = |∇Φ| ∇ ·
( ∇Φ
|∇Φ|
)
, (/)
 	     
 Φ            '    
  *         	  
	
 0   g 
            	   g    ,         
        v 	   ,    
Numerical Realization:
      [1]      , 
 +' (3.3)  	 
       .  &       2    
  D+, D−  Dc
   
 	    &      *    	3
Φn+1i,j − Φni,j
δt
=
√
(DcxΦ
n
i,j)
2 + (DcyΦ
n
i,j)
2
[
∇ ·
(
g
∇Φn
|∇Φn|
)]
i,j
,
58 3 Image Segmentation
  	
    	
 	 	  	   
    []       σ =
0.005  !		 |∇u| !		 |∇u|σ " !#	 "
 $% 	 	 	   
3.2 Algorithms 59
⇔ Φn+1i,j = Φni,j + δt
√
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Φ
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		Φ
Φ ← Φ + δt · gradTerm · divTerm
iteration ← iteration+ 1
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∫
R2
(u− c2)2.
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Numerical Realization:
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J(Φ, c1, c2) = λ1
∫
Ω
(u− c1)2H(Φ) + λ2
∫
Ω
(u− c2)2(1−H(Φ)) + μ
∫
Ω
∣∣∇H(Φ)∣∣+ ν ∫
Ω
H(Φ)
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= λ1
∫
Ω
(u− c1)H(Φ),  c1,
0
!
= λ2
∫
Ω
(u− c2)(1−H(Φ)),  c2,
0
!
= δ(Φ)
(
−μCΦ∇ ·
( ∇Φ
|∇Φ|
)
+ λ1(u− c1)2 − λ2(u− c2)2
)
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  CΦ :=
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∣∣∇H(Φ)∣∣ dx  δ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c1 =
∫
Ω
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H(Φ)
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∑
i∈{Φn>0} u(i)∑
i∈{Φn>0} 1
, cn+12 =
∑
i∈{Φn<0} u(i)∑
i∈{Φn<0} 1
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Φn+1i,j − Φni,j
δt
= δ(Φ
n
i,j)
⎛
⎝μCΦn
[
∇ ·
( ∇Φn
|∇Φn|
)]
i,j
− λ1(ui,j − c1)2 + λ2(ui,j − c2)2
⎞
⎠ ,
⇔Φn+1i,j = Φni,j + δtδ(Φni,j)
⎛
⎝μCΦn
[
∇ ·
( ∇Φn
|∇Φn|
)]
i,j
− λ1(ui,j − c1)2 + λ2(ui,j − c2)2
⎞
⎠ ,
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∇ ·
( ∇Φn
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)
= D−x
⎛
⎜⎝ D+x Φn√
(D+x Φ
n)2 + (DcyΦ
n)2
⎞
⎟⎠+D−y
⎛
⎜⎝ D+y Φn√
(DcxΦ
n)2 + (D+y Φ
n)2
⎞
⎟⎠ .
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CΦn =
∫
Ω
∣∣∇H(Φn)∣∣ dx = ∫
Ω
δ(Φ
n) |∇Φn| dx.
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iteration ← $ iteration < maxIteration
meanI ← 
"Φ < 0#
meanO ← 
"Φ > 0#
divTerm ← %&
"Φ#
deltaTerm ← %&&"Φ#
areaTerm ← %'"Φ#
Φ ← Φ + δt · deltaTerm(μ · areaTerm · divTerm+ λ1 ·meanI + λ2 ·meanO)
iteration ← iteration+ 1 "iteration$# (( 
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3.3. Application
3.3.1. Histomorphometry
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3.3.2. Intracellular Flow
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4.1.1. Optical Flow and Real Motion
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4.1.2. Mathematical Context
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4.5. Variational Motion Estimation
4.5.1. Mathematical Context
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∂tu+∇u · v = 0
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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
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 
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	 
 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	
F (Kv) :=
2∑
i=1
α
2
‖∇vi‖22 ,

Kv =
(
∇ 0
0 ∇
)(
v1
v2
)
, K∗y = −
(
∇· 0
0 ∇·
)(
y1
y2
)
,
 y = (y1, y2)
t 	  	 	

 
       
   	  	 
		 	! K   	

 	  "
	
 #$ 2.2.23!      %
 L2 	
F ∗(y) :=
2∑
i=1
1
2α
‖yi‖22 .
&  '   	 	 v 	
  	
 	    		 
 (
G(v) :=
1
2
‖ut +∇u · v‖22 .
)	%	!  	
	 
   *
 4.5.1 

argmin
v
argmax
y
1
2
‖ut +∇u · v‖22 + 〈v, K∗y〉 −
1
2α
2∑
i=1
‖yi‖22 .
+! 	  ),  -	 2.3.1.  	
     	
 (
y˜k+1 = yk + σKv¯k -/0.
yk+1 = argmin
y
{
1
2
∥∥y − y˜k+1∥∥22 + σ2α ‖y‖22
}
-/1.
v˜k+1 = vk + τK
∗yk+1 -/23.
vk+1 = argmin
v
{
1
2
‖v − v˜k+1‖22 +
τ
2
‖ut +∇u · v‖22
}
-/22.
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v¯k+1 = vk+1 + θ(vk+1 − vk).  
	 
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	 	  		  
 	 
  	 	  		! 
λ := σ
α
"
J(y) = J(y1, y2) =
1
2
‖y − y˜‖22 +
λ
2
‖y‖22
=
1
2
∫
Ω
(y1 − y˜1)2 + (y2 − y˜2)2 dy + λ
2
∫
Ω
y21 + y
2
2 dy
#	 
  	 	 $	% 		  y1  
		 &	' 2.2.4  	
 #	
			 ψ 	   	
dψJ(y1, y2) = lim
τ→0
J(y1 + τψ, y2)− J(y1, y2)
τ
=
d
dτ
J(y1 + τψ, y2)
∣∣∣∣
τ=0
=
d
dτ
1
2
∫
Ω
(y1 + τψ − y˜1)2 + (y2 − y˜2)2 + λ
2
(
(y1 + τψ)
2 + y22
)
dy
∣∣∣∣
τ=0
=
1
2
∫
Ω
2ψ(y1 + τψ − y˜1) + λ
2
· 2ψ(y1 + τψ) dy
∣∣∣∣
τ=0
=
∫
Ω
ψ(y1 − y˜1) + λψy1 dy
=
∫
Ω
ψ
(
(y1 − y˜1) + λy1
)
dy
&	  	      
  		
 
 	 (	 	 	 
 	  
y1 − y˜1 + λy1 != 0.

  	 	   !	   y2  	  	  

	
y1 − y˜1 + λy1 != 0,
y2 − y˜2 + λy2 != 0,
 		   
	 	    σ
α
:= λ
y − y˜k+1 +
σ
α
y
!
= 0.
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 
yk+1 =
α
α + σ
y˜k+1.
 	 	  	
 	
 v =
(
v1
v2
)
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
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
  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 
0
!
= (v1 − v˜1k+1) + τux(ut + v1ux + v2uy)
0
!
= (v1 − v˜2k+1) + τuy(ut + v1ux + v2uy).
  
 
 
  			
(1 + τuxux)v
1 + τuxuyv
2 = v˜1k+1 − τuxut
τuxuyv
1 + (1 + τuyuy)v
2 = v˜2k+1 − τuyut.
 
! 
         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 
 
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 " 
 
  
	 #	 
 "  $
c1 := 1 + τuxux, c2 = τuxuy, c3 := 1 + τuyuy
b1 := v˜
1
k+1 − τuxut b2 := v˜2k+1 − τuyut.
%    (4.13) 

$ 
c1v
1 + c2v
2 = b1
c2v
1 + c3v
2 = b2,
   
	   
 
v1k+1 =
b1c3 − c2b2
c1c3 − c22
, v2k+1 =
b2c1 − c2b1
c1c3 − c22
.
%  
 &
 
  $ 
	
  	 L2−L2 
 ' 

(
y˜k+1 = yk + σKv¯k  
yk+1 =
α
α + σ
y˜k+1 ) 
v˜k+1 = vk − τK∗yk+1 * 
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vk+1 =
(
b1c3 − c2b2
c1c3 − c22
,
b2c1 − c2b1
c1c3 − c22
)T
 
v¯k+1 = vk+1 + θ(vk+1 − vk)  
Discretization and Algorithm
  	
		
	 
        	   	
	  	 		      
ut +∇u · v.
 	  	 	 u    	 !"	 #   	 
  	 v     	 u 	   	 $  $
 	  	 !"	
%    	"     $   	 	 $" 
 "$!" & 5' (	 	 	 		 	   	"	
  )  	  	   	 u  '  !"
  	 $ $
  	 
ut +∇xu · v = 0
  	 	  	 !"	 *    	 +
  ' $"  !"     δt  	 	 +
	  "  $ 	    $	  	
"  	 	 !"	'  "" "  "    	 , []
&    	   	 v  	 	 $- .
	,	  " /  $ 	     $ 	
- 	   	 v   	  	 0	 !"	 1	"
 	$   "  	 u     " 	

  	 	" 	 $ " 	 		 	 2  	"   $ 
, 	 	   . 1 	 . 	   
ut   . 	    ∇xu   $ 	'
  	' 	  	 !"	  	" 	$ 	 

 (	 		  	 	  $- . 	    
  . 	     	     . 
+(	
96 4 Motion Estimation
    	
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	  u  U 
 	  
{
(i, j, t) : i = 0, . . . , nx, j = 0, . . . , ny, t = 0, 1
}
   	   	         
	 
 	    
Ut(i, j) =
U(i, j, t+ 1)− U(i, j, t)
δt
Ux(i, j) =
⎧⎨
⎩
U(i+1,j,t)−U(i−1,j,t)
2δx
 i > 0  i < nx
0  i = 0  i = nx
Uy(i, j) =
⎧⎨
⎩
U(i,j+1,t)−U(i,j−1,t)
2δy
 j > 0  j < ny
0  j = 0  j = ny
 	   
  v  
	  	
 	 V 
{
(i, j) : i = 0, . . . , nx, j = 0, . . . , ny
}
.
   	       
  	
∂x, ∂y  ! "  	  #
	     
 v  
$ #
	   %      	 y
 &  
	! ' 	 	
 	
vx(i, j) =
⎧⎨
⎩v(i+ 1, j)− v(i, j)  i < nx0  i = nx
vy(i, j) =
⎧⎨
⎩v(i, j + 1)− v(i, j)  j < ny0  j = ny
∇ · y(i, j) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
y1(i, j)− y1(i− 1, j)  i > 0
y1(i, j)  i = 0
−y1(i− 1, j)  i = nx
+
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
y2(i, j)− y2(i, j − 1)  j > 0
y2(i, j)  j = 0
−y2(i, j − 1)  j = ny.
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 & 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
  
 		 	  	 	 
  
   
  '	
! (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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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  +	  	 	
"
 xk, xk+1, yk, yk+1  $
 	  	 

  K : Ω → Rd 

, 
  
 		 	
  
 2.3.1#  , -
pk :=
∣∣∣∣∣x
k − xk+1
τ k
−K∗(yk − yk+1)
∣∣∣∣∣
dk :=
∣∣∣∣∣y
k − yk+1
σk
−K(xk − xk+1)
∣∣∣∣∣ ,
,
 |·|  
   	
 	 . 		 pk 
 	 	  dk 

	 	
 
   ,  [)*] 

!  
 	
  
  ! , 
pk → 0  dk → 0 /$
	 ,   
 	   
 
 
-  
k :=
pk + dk
|Ω| .
   	 
   |Ω|! 
  
  
 	 
	   	
  

  k  	,   
	 η
 
  	

	
. 
	 
 	 (v, v¯,y) ,
   
     [01] 

 
  
 	
  
  τσ |K|2 < 1  θ = 1# & 
 
, 

  
 
 
   ,  [02] 

 σ = τ = 1√
8
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
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 	  L2 − L2 $	 
%#%#$	U1, U2, α, η
  Ut, Ux, Uy ← &'		(U1)U2*
 K ← 	
$(*
 σ, τ ← 1√
8
 v, v¯, y ← 0  < η
 vOld ← v
 y˜ ← y + σKv¯
 y ← α
α+σ
y˜
	 v˜ ← v − σK∗y

 v ← solveMatrix(v˜, Ut, Ux, Uy)
  v¯ ← 2 · v − vOld
   v
4.5.3. L2 − L2 Mass Preservation Model
Model
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 	 
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	) 	       
   	
+ ( (4.3)  
	* , 	  	 	 	 
  

 
	 	
  
	 L2    
	  		   	
 
 ,    	 
-
  L2 − L2 . /	 .

argmin
v
1
2
∥∥ut +∇ · (uv)∥∥22 + α2
d∑
i=1
‖∇vi‖22 . (0! *
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    		  	
 	 	  2.3.1  
 
        ! v    	!   
  
 	 
   	       	
  
 F     
F (Kv) :=
1
2
∥∥ut +∇ · (uv)∥∥22 + α2
d∑
i=1
‖∇vi‖22 ,
    K  !
Kv =
⎛
⎜⎜⎝
∇ 0
0 ∇
∂xu ∂yu
⎞
⎟⎟⎠
(
v1
v2
)
.
        	   ∂xu ·v1 := ∂x(u ·v1) " 
#
   
 y = (y1, y2, y3)
t   !
K∗y = −
(
∇· 0 u∂x
0 ∇· u∂y
)⎛⎜⎜⎝
y1
y2
y3
⎞
⎟⎟⎠ .
" 
 
  F ∗(y)  F  ! 
  $%	 2.2.23

 2.2.25 &
F ∗(y) :=
1
2
‖y3‖22 − 〈ut, y〉+
2∑
i=1
1
2α
‖yi‖22 .
 '  
 	
 !	  
 4.5.3 

argmin
v
argmax
y
〈v, K∗y〉 − 1
2α
2∑
i=1
‖yi‖22 −
1
2
‖y3‖22 + 〈ut, y3〉 .
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
y˜k+1 = yk + σKv¯ 
yk+11,2 = argmin
y
{
1
2
∥∥∥y − y˜k+11,2 ∥∥∥2
2
+
σ
2α
‖y‖22
}

yk+13 = argmin
y
{
1
2
∥∥∥y − y˜k+13 ∥∥∥2
2
+
σ
2
‖y‖2 − σ 〈ut, y〉
}

vk+1 = argmin
v
{∫ T
0
1
2
∥∥∥v − (vk − τK∗y)∥∥∥2
2
}

v¯k+1 = vk+1 + θ(vk+1 − vk). 
   
	 	 	 (4.21)   	  !  	 " 
 	  # ! 	 $	 4.5.2  	 
	 #%
yk+11,2 =
α
α + σ
y˜k+11,2 .
&  ## 	 	 (4.22)    		% 		 
0
!
= y − y˜k+13 + σy − σut.
'    	 ! y  
   !
yk+13 =
1
σ + 1
y˜k+13 +
σ
σ + 1
ut,
    	 (    	 !  	   #
	 	% 
vk+1 = vk − τK∗y.
)  
  !	
 		  ! L2 − L2  	*
y˜k+1 = yk + σKv¯k
yk+11,2 =
α
α + σ
y˜k+11,2
yk+13 =
1
σ + 1
y˜k+13 +
σ
σ + 1
ut
vk+1 = vk − τK∗y
v¯k+1 = vk+1 + θ(vk+1 − vk)
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∂x(v
1 · U)(i, j) =
⎧⎨
⎩
1
2δx
(
(v1 · u)(i+ 1, j)− (v1 · u)(i− 1, j))  i > 0  i < nx
0  i = 0  i = nx
∂y(v
2 · u)(i, j) =
⎧⎨
⎩
1
2δy
(
(v2 · u)(i, j + 1)− (v2 · u)(i, j − 1))  j > 0  j < ny
0  j = 0  j = ny
.
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 	 
	 	
  	
	  
  	

	
%  	 	  	 	   	     k 
&'	 4.5.2  	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 	  (v, v¯,y) 	 
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 ( 	   τ
 σ   	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τ = σ = 1√
8max|u|    	 
	
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4.5.4. L2 − TV Optical Flow Model
Model
   		  	 	    	 
	 	 ,

 	 - 	  	 vi. 	   	 	 ' /#
  	 	  	 	  0	 	  1 	 	 
102 4 Motion Estimation
 	 
 L2 − L2   	

 	
U1, U2, α, η
  Ut ← 		U1U2
 K ← 	
U1, U2
 σ, τ ← 1√
8max|u|
 v, v¯, y ← 0  < η
 vOld ← v
 y˜ ← y + σKv¯
 y1,2 ← αα+σ ˜y1,2
	 y3 ← 1σ+1 y˜3 + σσ+1Ut

 v ← v − σK∗y
  v¯ ← 2 · v − vOld
   v
 	 	 
	  
 
 
    
  	
  
  !
 "        
 # 
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   	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 !
 %
   # 

 	 		  
	    

 
	 
	
 
 !  
	 	   
  
 		
 
 vi
	 
  & L2'
 
  	 ( 
 		
 
  	
	'
		   
 
 

'	! 
	
 

 ( 	 
 

 

 L2 − TV 	 %
  

argmin
v
1
2
‖ut +∇u · v‖22 + α
d∑
i=1
|vi|BV . )*
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+ 
  	  $	 		
 	    
 4.5.4 		$ 

argmin
v
1
2
‖ut +∇u · v‖22 + α
d∑
i=1
‖∇vi‖1 .
,		 
  L2−L2 
	 -
 
     	' 
	 

 "
.
  
! +  	  	/	
  	 
 
   	
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   	

F (Kv) := α
d∑
i=1
‖∇vi‖1 ,

Kv =
(
∇ 0
0 ∇
)(
v1
v2
)
,
	
  	
  
 
  
      y = (y1, y2)
t     


 

K∗y = −
(
∇· 0
0 ∇·
)(
y1
y2
)
.

 
   2.2.25    	
  L1 

F ∗(y) := α
2∑
i=1
δB(L∞)(yi/α).
 
  
            	
    	


G(v) :=
1
2
‖ut +∇u · v‖22 .
     	
 
 
	  L2 − TV 
  
 
  !
argmin
v
argmax
y
1
2
‖ut +∇u · v‖22 + 〈v, K∗y〉 − α
2∑
i=1
δB(L∞)(yi/α).
"
  
    
  # 
 
   
        
         
   	
  L2−L2 
  
 $
 4.5.2 
  
    
y˜k+1 = yk + σKv¯k
yk+1 = argmin
y=(y1,y2)
{
1
2
∥∥∥y − y˜k+1∥∥∥2
2
+ ασδB(L∞)(y/α)
}
v˜k+1 = vk + τK∗yk+1
vk+1 = argmin
v
{
1
2
∥∥∥v − v˜k+1∥∥∥2
2
+
τ
2
‖ut +∇u · v‖22
}
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v¯k+1 = vk+1 + θ(vk+1 − vk).
  	 
  	  yk+1 
 
  
 
 L2−L2 
 
   4.5.2
    	  
   		  δB(L∞)(y
1/α){
y1 :
∥∥y1/α∥∥∞ ≤ 1}⇔ {y1 : ∥∥y1∥∥∞ ≤ α} .
	 
∥∥y1∥∥∞  
 	  	   (i, j)  
  ∥∥y1∥∥∞ = max(i,j)
∣∣∣y1i,j∣∣∣ .
!  	 
 	  	 

 		  
 	 L1
	 	 
  (i, j) ∣∣∣∇v1i,j∣∣∣ = ∣∣∣∂xv1i,j∣∣∣+ ∣∣∣∂yv1i,j∣∣∣ .
 
  " 		   	"  
    
 #
  	   
  	 	 
  	
∣∣∣y1i,j∣∣∣ = max
{∣∣∣y1,1i,j ∣∣∣ , ∣∣∣y1,2i,j ∣∣∣
}
.
$ 
   
 % 	  	   
 #
	"  y˜k+1  [−α, α]
yk+1 = min(α,max(−α, y˜k+1)) =: πα(y˜k+1)
&
	 
 
 		 	 	 
 L2 − L2   	 
  

  

y˜k+1 = yk + σKv¯k
yk+1 = πα(y˜k+1)
v˜k+1 = vk − τK∗yk+1
vk+1 =
(
b1c3 − c2b2
c1c3 − c22
,
b2c1 − c2b1
c1c3 − c22
)T
v¯k+1 = vk+1 + θ(vk+1 − vk).
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 L2 − TV "	 
#$ %"	U1, U2, α, η
  Ut, Ux, Uy ← 	&'	(U1U2)
 K ← "	()
 σ, τ ← 1√
8
 v, v¯, y ← 0  < η
 vOld ← v
 y˜ ← y + σKv¯
 y ← y˜ − σS( y˜
σ
, α
σ
)
	 v˜ ← v − σK∗y

 v ← solveMatrix(v˜, Ut, Ux, Uy)
  v¯ ← 2 · v − vOld
   v
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	 *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4.5.5. L2 − TV Mass Preservation Model
Model
&  	 	 L2 − TV 	    	  	 4.5.4  	
	 	 	   	 	  	  -  	  	

 

 L2 − TV  .	 
argmin
v
1
2
∥∥ut +∇ · (uv)∥∥22 + α d∑
i=1
|vi|BV .
106 4 Motion Estimation
    	 
 	 
	  	
	 		  	 
 
	

	  	 	  	  	 		 
	 ut +∇ · (uv)  
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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 L2 − L2 
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
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Computational Minimization
 		
 

	 
  	 	 
 		 

  ‖∇vi‖1

  
argmin
v
1
2
∥∥ut +∇ · (uv)∥∥22 + α 2∑
i=1
‖∇vi‖1 .
 
 	 	 L2−TV 	
    
 
 !"	
	  	 
!

	 
	 ‖∇vi‖1 # 	 	 	 	 $
%&' 	 
 

 	 	  	 L2−L2 
 
	  	 4.5.3 
 	 
 	  	
	 	 	 	
	  	 	 	  ( 
 )
F (Kv) :=
1
2
∥∥ut +∇ · (uv)∥∥22 + α 2∑
i=1
‖∇vi‖1 ,
	 	 
 
	 K  
Kv =
⎛
⎜⎜⎝
∇ 0
0 ∇
∂xu ∂yu
⎞
⎟⎟⎠
(
v1
v2
)
.
 
*	 
	  	 
 y = (y1, y2, y3)
t    
K∗y = −
(
∇· 0 u∂x
0 ∇· u∂y
)⎛⎜⎜⎝
y1
y2
y3
⎞
⎟⎟⎠ .
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  	
	 
 		 F ∗(y)  F 	  
 	  2.2.23
	
 2.2.25 
F ∗(y) :=
1
2
‖y3‖22 − 〈ut, y〉+ α
2∑
i=1
δB(L∞)(yi/α).
		    G(v)   	
     
 	
argmin
v
argmax
y
〈v, K∗y〉 − α
2∑
i=1
δB(L∞)(yi/α)− 1
2
‖y3‖22 + 〈ut, y3〉 .
		  	    
   
y˜k+1 = yk + σKv¯ !"#$%&
yk+11,2 = argmin
y=(y1,y2)
{
1
2
∥∥∥y − y˜k+11,2 ∥∥∥2
2
+ ασδB(L∞)(y/α)
}
!"#$'&
yk+13 = argmin
y
{
1
2
∥∥∥y − y˜k+13 ∥∥∥2
2
+
σ
2
‖y‖22 − σ〈ut, y〉
}
!"#$(&
vk+1 = argmin
v
{∫ T
0
1
2
∥∥∥v − (vk − τK∗y)∥∥∥2
2
}
!"#$)&
v¯k+1 = vk+1 + θ(vk+1 − vk). !"#*+&
    yk+11,2 	 	 (4.27)  	 ,
   TV − L2 
- 
 4.5.4#   	  ,	  	 .	 	 [−α, α]#  
  
 	 
/   L2 − L2  ,	 # 0	 
	  	 	  	,   	  1
 4.5.5
y˜k+1 = yk + σKv¯k
yk+1 = πα(y˜
k+1
1,2 )
yk+13 =
1
σ + 1
y˜k+13 +
σ
σ + 1
ut
vk+1 = vk − τK∗y
v¯k+1 = vk+1 + θ(vk+1 − vk)
Discretization and Algorithm
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	 	
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 L2 − TV   	

 	
U1, U2, α, η
  Ut ← 		U1U2
 K ← 	
U1, U2
 σ, τ ← 1√
8max|u|
 v, v¯, y ← 0  < η
 vOld ← v
 y˜ ← y + σKv¯
 y1,2 ← y˜1,2 − σS( y˜1,2σ , ασ )
	 y3 ← 1σ+1 y˜3 + σσ+1Ut

 v ← v − σK∗y
  v¯ ← 2 · v − vOld
   v

	  	         	  
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4.5.6. L1 − TV Optical Flow Model
Model
 $	 L2 
 '
 	

	  
	 (
& $	
 	  		


 	    )
 &*  
	 
'  
	 (
& 
	
 
  
 " 
 

 	 			
 + 	  ,


 - 	. 		
 
  / 
   
'  L1 
/	  	 	

 
 
' 0%'	
 [1]" ' 
  
 
'
	   L1   
&  
	 (
& 
	 
  	
 
  
 " 
 

  
 			
 
'  	 L2 − L2 
	 (
&

 & 
  	 
'  	
 	
  

  
 		

	-	
 &	  
  '

&	 

 
 L1 − TV 	 2
&  

argmin
v
‖ut +∇u · v‖1 + α
d∑
i=1
|vi|BV .
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Computational Minimization
 	 	 
 		 	 L1 − TV 	
   

argmin
v
‖ut +∇u · v‖1 + α
2∑
i=1
‖∇vi‖1 .
  	  	   

  
 	 

	  	 
	  
!"# 	 $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&
F (Kv) := α
d∑
i=1
‖∇vi‖1 ,
	
Kv =
(
∇ 0
0 ∇
)(
v1
v2
)
, K∗y = −
(
∇· 0
0 ∇·
)(
y1
y2
)
.
'
 	 	 TV − L2 	
    	 	 
 
&
F ∗(y) := α
2∑
i=1
δB(L∞)(yi/α).
  	   	 
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 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&
G(v) := ‖ut +∇xu · v‖1 .
)  	  
*
 
	&
argmin
v
argmax
y
‖ut +∇xu · v‖1 + 〈v, K∗y〉 − α
2∑
i=1
δB(L∞)(yi/α).

	 	  	 
	  	  	
	
y˜k+1 = yk + σKv¯k
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yk+1 = argmin
y=(y1,y2)
{
1
2
∥∥∥y − y˜k+1∥∥∥2
2
+ ασδB(L∞)(y/α)
}
v˜k+1 = vk + τK∗yk+1
vk+1 = argmin
v
{
1
2
∥∥∥v − v˜k+1∥∥∥2
2
+ τ ‖ut +∇u · v‖1
}
v¯k+1 = vk+1 + θ(vk+1 − vk).
   	

  vk+1    L2 − TV      

       L1 − L2  
   
   v  L1  ut + ∇u · v   v   
	  ux  uy      
 ut 	  
  2.2.29  	    L1 
  ! 
ρ(v) := ut +∇u · v, β := (ux, uy).
  	  " 

v = v˜k+1 +
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
τβ  ρ(v˜k+1) < −τ ‖β‖22
−τβ  ρ(v˜k+1) > τ ‖β‖22
−ρ(v˜k+1)‖β‖22 β 
,
   
    	

    
  " #
y˜k+1 = yk + σKv¯k
yk+1 = πα(y˜
k+1)
v˜k+1 = vk − τK∗yk+1
vk+1 = v˜k+1 +
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
τβ  ρ(v˜k+1) < −τ ‖β‖22
−τβ  ρ(v˜k+1) > τ ‖β‖22
−ρ(v˜k+1)‖β‖22 β 
v¯k+1 = vk+1 + θ(vk+1 − vk)
Implementation and Algorithm
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   L1 − TV
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 L1 − TV   
 U1, U2, α, η
  Ut, Ux, Uy ←  
 U1U2 
 K ← !"  
 σ, τ ← 1√
8
 v, v¯, y ← 0  < η
 vOld ← v
 y˜ ← y + σKv¯
 y ← y˜ − σS( y˜
σ
, α
σ
)
	 v˜ ← v − σK∗y

 v ← affineShrink(v˜, τ)
  v¯ ← 2 · v − vOld
   v
  # ! 	  
  !   L2 − L2   #  L2 − TV
  # " $  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"   K 	" !%"  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 	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4.5.7. L1 − TV Mass Preservation Model
Model
 /	 " 	 "" 	    	    TV − L1   	 "
0      	 	 	  ut + ∇ · (uv)   "  /"      
	%		   /" v = (v1, v2) 	 	)" 	   L1 	 	 "    
L2 	   !   	"  	 	   ' 	      	  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  
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)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"
 
 L1 − TV 1 2 	 1"
argmin
v
∥∥ut +∇ · (uv)∥∥1 + α d∑
i=1
|vi|BV .
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  L1−TV  		
 	   	 L1  		
  	
  	 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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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Computational Minimization
	 	 	 	 	 	  	 	
 	  	
argmin
v
∥∥ut +∇ · (uv)∥∥1 + α d∑
i=1
‖∇vi‖1 .
 	 		 		     	  	  
F (Kv) :=
∥∥ut +∇ · (uv)∥∥1 + α d∑
i=1
‖∇vi‖1 ,
 	 	 	 K 
	 
Kv =
⎛
⎜⎜⎝
∇ 0
0 ∇
∂xu ∂yu
⎞
⎟⎟⎠
(
v1
v2
)
.
 	  	  	  y = (y1, y2, y3)
t   
	 
K∗y = −
(
∇· 0 u∂x
0 ∇· u∂y
)⎛⎜⎜⎝
y1
y2
y3
⎞
⎟⎟⎠ .
 	 	   F ∗(y)  F  	 	   	 2.2.23
 2.2.25 
F ∗(y) := δB(L∞)(y3)− 〈ut, y3〉+ α
2∑
i=1
δB(L∞)(yi/α).
!   	 "	#$% 	% 	  	 		
y˜k+1 = yk + σKv¯
yk+11,2 = argmin
y=(y1,y2)
{
1
2
∥∥∥y − y˜k+11,2 ∥∥∥2
2
+ ασδB(L∞)(y/α)
}
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yk+13 = argmin
y
{
1
2
∥∥∥y − y˜k+13 ∥∥∥2
2
+ σδB(L∞)(y)− σ〈ut, y〉
}
vk+1 = argmin
v
{∫ T
0
1
2
∥∥∥v − (vk − τK∗y)∥∥∥2
2
}
v¯k+1 = vk+1 + θ(vk+1 − vk).
  	 
 	  y3  	 	 
 L
2−TV  		 
  
	   	 		 
 	 	 yk+13 
argmin
y
{
1
2
∥∥∥y − y˜k+13 ∥∥∥2
2
+ σδB(L∞)(y3)− σ 〈ut, y〉
}
⇔ argmin
y
{
1
2
〈y − y˜k+13 , y − y˜k+13 〉+ σδB(L∞)(y3)− 〈σut, y〉
}
⇔ argmin
y
{
1
2
〈y, y〉 − 〈y, y˜k+13 〉+
1
2
〈y˜k+13 , y˜k+13 〉+ σδB(L∞)(y3)− 〈σut, y〉
}
⇔ argmin
y
{
1
2
〈y, y〉 − 〈y, y˜k+13 + σut〉+
1
2
〈y˜k+13 + σut, y˜k+13 + σut〉+ σδB(L∞)(y3)
}
⇔ argmin
y
{
1
2
〈y − (y˜k+13 + σut), y − (y˜k+13 + σut)〉+ σδB(L∞)(y3)
}
⇔ argmin
y
{
1
2
∥∥∥y − (y˜k+13 + σut)∥∥∥2
2
+ σδB(L∞)(y3)
}
 
      
 	  y˜k+13 + σut  [−1, 1]
yk+13 = π1(y˜
k+1
3 + σut)

   
  

y˜k+1 = yk + σKv¯k
yk+11,2 = πα(y˜
k+1
1,2 )
yk+13 = π1(y˜
k+1
3 + σut)
vk+1 = vk − τK∗y
v¯k+1 = vk+1 + θ(vk+1 − vk)
  	    
 	 	
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 	 TV − L1 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	   
 	 
 L1 − TV  	
  !	U1, U2, α, η
  Ut ← 	"#	$U1U2%
 K ← &	$U1, U2%
 σ, τ ← 1√
8max|u|
 v, v¯, y ← 0  < η
 vOld ← v
 y˜ ← y + σKv¯
 y1,2 ← y˜1,2 − σS( y˜1,2σ , ασ )
	 y3 ← affineShrink(y˜3, ασ )

 v ← v − σK∗y
  v¯ ← 2 · v − vOld
   v
'  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4.6. Numerical Evaluation
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4.6.1. Error Measures for Velocity Fields
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   	
  
u1 =
⎛
⎜⎜⎝
1 1 0
0 0 0
0 0 0
⎞
⎟⎟⎠ , u2 =
⎛
⎜⎜⎝
0 0 0
1 1 0
0 0 0
⎞
⎟⎟⎠ . 
   	       	  v = (v1, v2) 	
	 	 u1 	
u2  		 	   

 	   	
 	 !  
 " 	 
 #	  	
   	  	 (1, 1)  (1, 2) "  	 	
 "		$ 

v1 =
⎛
⎜⎜⎝
1 1 0
0 0 0
0 0 0
⎞
⎟⎟⎠ , v2 =
⎛
⎜⎜⎝
0 0 0
0 0 0
0 0 0
⎞
⎟⎟⎠ .
% & 	
   	  	 (1, 1)  (1, 2) "  	 	
 "		  
 	

 	
v1 =
⎛
⎜⎜⎝
1 1 0
0 0 0
0 0 0
⎞
⎟⎟⎠ , v2 =
⎛
⎜⎜⎝
1 −1 0
0 0 0
0 0 0
⎞
⎟⎟⎠ .
 & 	
 
  "  	 	
 "		 

 
v1 =
⎛
⎜⎜⎝
1 1 1
1 1 1
1 1 1
⎞
⎟⎟⎠ , v2 =
⎛
⎜⎜⎝
0 0 0
0 0 0
0 0 0
⎞
⎟⎟⎠ .
 & 	
   	  	 (1, 1)  (1, 2) "  	 	
 "		  

    	
 	
 
v1 =
⎛
⎜⎜⎝
1 1 1
0 0 1
0 0 −2
⎞
⎟⎟⎠ , v2 =
⎛
⎜⎜⎝
0 0 0
0 0 0
0 0 0
⎞
⎟⎟⎠ .
' 	
 	    	
  	$ 	
	  	
   	
  	 (
		 ut + ∇u · v = 0   	
   	 		 ut + ∇ · (uv) = 0
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   		  vGT = (v
1
GT , v
2
GT )    	 d(vGT ,v)
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Absolute Endpoint Error
'	 	 
	 		 	   	    	 	  
	 
 	 		      	 	 	  	 ( [)*] 	
	      	   	 		   	 
	  "   [++]"   	 	 ,  
 	
 	 v − vGT         |Ω|   
aee :=
1
|Ω|
∫
Ω
√
(v1(x)− v1GT (x))2 + (v2(x)− v2GT (x))2 dx,
   	 
	
AEE :=
1
nPx
nPx∑
i=1
√
(v1(i)− v1GT (i))2 + (v2(i)− v2GT (i))2.
%" nPx 	 	   
 
Angular Error
&   		 	       $ 	 	 $ 
 -	
 . [/0]    
 1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    [)]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 !	 	
4.6 Numerical Evaluation 117
   	
   	    	 	 
vˆ :=
(v1, v2, 1)√
‖v‖2 + 1
, vˆGT :=
(v1GT , v
2
GT , 1)√
‖vGT‖2 + 1
.
     
	
	  	   	   vˆ 	 vˆGT    
 
   	
ae :=
1
|Ω|
∫
Ω
arccos(vˆ(x) · vˆGT (x)) dx,
	  	 
     	
AE :=
1
nPx
nPx∑
i=1
arccos(vˆ(i) · vˆGT (i)).
   	
   	        	  	    	 	  		
 
  	    		
    	 
  vGT = (v
1, v2) 	     !
	
    "	"  # 4.7  
  	     	 	  	
	    0.01   
	  vabs 	 vrel$
vabs = vGT − (0.99, 0.99)T
vrel =
vGT
‖vGT‖2
· 0.99.
% 	  
	
	    		 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∫
Ω
(u˜2(x)− u2(x))2 dx,
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IE :=
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i=1
(u˜2(i)− u2(i))2.
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∂ϕ1
∂t
= ‖∇ϕ1‖ , ϕ1(x, t) = 0  x ∈ Γ1,
∂ϕ2
∂t
= ‖∇ϕ2‖ , ϕ2(x, t) = 0  x ∈ Γ2.
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4.6.4. Evaluation for Basic Flow Types
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5
COMBINED IMAGE RECONSTRUCTION
AND FLOW ESTIMATION
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5.1. General Model
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5.2. Simultaneous TV − L2 Image Reconstruction and
Motion Estimation
5.2.1. Deﬁnition and Motivation
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 ∗ 	  Lpˆ(0, T ;BV (Ω))×
Lq(0, T ;W 1,2(Ω))
   		 	
 	
   u  
 	  	
	  	 u ∈
Lp(0, T ;BV (Ω)) 	
 J(u, ·) ≤ α  

‖u‖Lp(0,T ;BV (Ω)) ≤ ‖u‖pLp(0,T ;BV (Ω)) =
∫ T
0
‖u‖pBV (Ω) dt
≤
∫ T
0
‖u‖pL1(Ω) dt+
∫ T
0
|u|pBV (Ω) dt ≤ c.
  	
    	 		 
  	
 	 	  	
 	  
	
 	 	     	
	 	
  	  
  	
1 < p ≤ 2
  	
 	  	
 	 (5.10)  	  J(u,v) ≤ α  
	 	    
  	
 	
 	  	  	
	
‖Ku− f‖L2(0,T ;L2(Ω)) ≤ α,


 	 
(
Ku(·, t)− f(·, t)) ∈ L2(Ω)   [0, T ] .
!	
∥∥Ku(·, t)− f(·, t)∥∥
L2(Ω)
  	 
  t ∈ [0, T ] 
 "
cK(t) :=
∥∥Ku(·, t)− f(·, t)∥∥
L2(Ω)
.
 	 	 
# 
 	
	 cK(t)   		   	 	 t ∈ [0, T ]
	 	
 	
∫ T
0
cpK dt     1 < p ≤ 2  	 	
 L2	 
	
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   	

 	     	 	

∫ T
0
|u|pBV (Ω) dt =
∫ T
0
TV (u)p dt ≤ α.
  	
 
  		  	 
  	
 	 ‖u‖Lp(0,T ;L1(Ω))  t ∈ [0, T ] 

        	
 	  
  
∥∥u(·, t)∥∥
L1(Ω)

    			
 	 u
u¯ =
1
|Ω|
∫
Ω
u(x, t) dx, u0 = u(·, t)− u¯ ↔ u(·, t) = u0 + u¯.
	  
	
  		   u0 ∫
Ω
u0 dx = 0 
   !	",

 TV (u(·, t)) = TV (u0) ≤ α #
  $	
%&
 
'  [()] 

 A.1.10"  	
 
 L2	
 	 u0
‖u0‖L2(Ω) ≤ c1 ‖∇u0‖L2(Ω) ≤ c1c2 ‖∇u0‖L1(Ω) = c3TV (u0) ≤ c3α,
 c1, c2 
 c3  	  	

 *		   
  	
 	 ‖Ku¯‖L2(Ω)
    

‖Ku¯‖2L2 − 2 ‖Ku¯‖L2
(‖K‖ ‖u0‖L2 + ‖f‖L2) = ‖Ku¯‖L2 (‖Ku¯‖L2 − 2 (‖K‖ ‖u0‖L2 + ‖f‖L2))
≤ ‖Ku¯‖L2
(‖Ku¯‖L2 − 2 ‖Ku0 − f‖L2)
= ‖Ku¯‖2L2 − 2 ‖Ku0 − f‖L2 ‖Ku¯‖L2
≤ ‖Ku0 − f‖2L2 + ‖Ku¯‖2L2 − 2 ‖Ku0 − f‖L2 ‖Ku¯‖L2
=
(‖Ku0 − f‖L2 − ‖Ku¯‖L2)2 ≤ ‖Ku0 +Ku¯− f‖2L2
=
∥∥Ku(·, t)− f(·, t)∥∥2
L2
≤ cK(t)2.
+

 x := ‖Ku¯‖L2(Ω) , a := ‖K‖ ‖u0‖L2(Ω) + ‖f‖L2(Ω)     '

'
x2 − 2xa ≤ cK(t)2 (,,"

 	 -
	
0 ≤ a ≤ ‖K‖ c3α + ‖f‖L2(Ω) =: c4.
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  	 
     	  	


0 ≤ x ≤ c4 +
√
α + c24 ≤ c4 + c7(cK(t) + c4).
		 K1t = 0 	 	 
  	 
  


‖Ku¯‖L2(Ω) =
∣∣∣∣ 1|Ω|
∫
Ω
u dx
∣∣∣∣ ‖K1‖L2(Ω) ≤ c4 +√α + c24
⇔
∣∣∣∣ 1|Ω|
∫
Ω
u dx
∣∣∣∣ ≤ c4 + c7(cK(t) + c4)‖K1‖L2(Ω) =: c5(t).
  
  
 
  L1
 
  	 	 t ∈ [0, T ]   
	
cu(t) 	 

	 
0 ≤ ∥∥u(·, t)∥∥
L1(Ω)
≤ c6
∥∥u(·, t)∥∥
L2(Ω)
= c6
∥∥∥∥u0 + 1|Ω|
∫
Ω
u(x, t) dx
∥∥∥∥
L2(Ω)
≤ c6
(
‖u0‖L2(Ω) +
∣∣∣∣ 1|Ω|
∫
Ω
u(x, t) dx
∣∣∣∣
)
≤ c6
(
c3α + c5(t)
)
=: cu(t).
!	 	 
   
 	    
"  	 
		 cu(t)
   	 
 
 
 1 < p ≤ 2 #
	  $ pˆ := min {p, 2}
 
∫ T
0
∥∥u(·, t)∥∥pˆ
L1(Ω)
dt ≤
∫ T
0
cu(t)
pˆ dt ≤ cM .
#
 
 	
	  
    
 
  u ∈
Lp(0, T ;BV (Ω)) 
‖u‖Lpˆ(0,T ;BV (Ω)) ≤ ‖u‖pˆLpˆ(0,T ;BV (Ω)) =
∫ T
0
‖u‖pˆBV (Ω) dt
≤
∫ T
0
‖u‖pˆL1(Ω) dt+
∫ T
0
|u|pˆBV (Ω) dt ≤ cMT + α.
 
 
 v 	 	 
 		 	  " ‖v‖L∞(Ω) ≤ cv < ∞ 	 %

& 
	 " ' 
 u 
 J(u,v) ≤ α  
  
 

∫ T
0
(∥∥∇v(·, t)∥∥2
L2(Ω)
)q
dt ≤ α
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  v   	
 5.10  	 	    v 
	
‖v‖Lq(0,T ;W 1,2(Ω)) ≤ ‖v‖qLq(0,T ;W 1,2(Ω)) =
∫ T
0
∥∥∇v(·, t)∥∥q
W 1,2(Ω)
dt
≤
∫ T
0
∥∥v(·, t)∥∥q
L2(Ω)
dt+
∫ T
0
∥∥∇v(·, t)∥∥2q
L2(Ω)
dt
≤ |Ω|q
∫ T
0
∥∥v(·, t)∥∥q
L∞(Ω) dt+ α ≤ |Ω|
q cqvT + α.
  2.1.10    		 BV (Ω) 
 	        Y 
 
	
    2.1.14 

Lp(0, T ;BV (Ω)) = Lp∗(0, T ;Y(Ω))∗, 
	 1
p
+
1
p∗
= 1,
 
	 	   		
   	
Lq(0, T ;W 1,2(Ω)) = Lq
∗
(0, T ;W−1,2(Ω))∗, 
	
1
q
+
1
q∗
= 1.
!
 	   "  
	
   	 #$   2.2.16

 	 	 
 	 %#∗ 	 
    
	

	   	   &#L2 
 &#L2   (5.10) 
 %#∗  
	

  	    		   '    (  2.2.9
)(
	    
	 (	
   	 " 	 ‖Ku− f‖2L2(Ω) 
‖∇v‖2qL2(Ω)  (   q ≥ 1  2.2.9 )(  	
    
  	  %  
	
   2.2.13 * 	 	 +(#


	   L2  
	 	
 %#∗  
	

	
,	"    		 & 
 %#∗  
	
  
2.2.14 
 	    (	
 p   & 	
 
 p > 1
  
	

	         
	
  	
 2.2.12"

 -
 	  
,
" 	 	  
 
	 
 	  	     	 	
	
D(uk,vk)
τ→ D(u,v).
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   	
    	 ∇ · (uv)  	 ∇u · v 	
     
   
  Lp 	 BV 	  
   
uk ⇀ u, vk ⇀ v,

  	          
	    
∇ · (ukvk)  ∇ · (uv), ∇uk · vk  ∇u · v.
 !	  
   ["#]          
    $ 
    
   
 
      
%& & 2.1.16$    	 

Lp(0, T ;X ) ⊂⊂ Lp(0, T ;Y),
     Y $  uk  
  Lp(0, T ;X )  ∂tuk  

 Lq(0, T ;Z)  ' 	 X ⊂⊂ Y ↪→ Z  		      X = BV (Ω)
 Y = Lr(Ω)   (      
  ∂tuk   &
 	
Lr(0, T ;Z)$    
   
   '  ∂tu
& Ω ⊂ R2, u ∈ Lp(0, T ;BV (Ω))  v ∈ Lq(0, T ;W 1,2(Ω)) &  

‖v‖∞ ≤ cv < ∞   Ω× [0, T ] .
) 		 
	
* u,v    
∂tu+∇ · (uv) = 0
 
∂tu ∈ Lp(0, T ;W−1,2(Ω)).
+  
&  ∇ · v ∈ Lp∗s(0, T ;L2k(Ω))  1
k
+ 1
k∗ = 1, k
∗ > 1$ 1
s
+ 1
t
=
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1, 1
p
+ 1
p∗ = 1    u,v 	 
     
∂tu+∇u · v = 0.

  
 	
∂tu ∈ L
p∗t
p∗t−1 (0, T ;L
2k∗
2k∗−1 (Ω)).
 
  	

     
 
  ∂tu 	 
            
   Lp
∗
(0, T ;W 1,2(Ω)) 
      
     Lp(0, T ;W−1,2(Ω))
 
 2.1.14         
  
    
  !   
    
   
ϕ ∈ Lp∗(0, T ;W 1,2(Ω))
∫ T
0
∫
Ω
∂tuϕ dx dt = −
∫ T
0
∫
Ω
∇ · (uv)ϕ dx dt =
∫ T
0
∫
Ω
uv · ∇ϕ dx dt.
" 
    	 
    
 	 #    
   
Ω 
   ∣∣∣∣∣
∫ T
0
∫
Ω
∂tuϕ dx dt
∣∣∣∣∣ =
∣∣∣∣∣
∫ T
0
∫
Ω
uv · ∇ϕ dx dt
∣∣∣∣∣
≤
∫ T
0
∫
Ω
|uv · ∇ϕ| dx dt
≤︸︷︷︸
 
∫ T
0
(∫
Ω
u2 dx
) 1
2
(∫
Ω
(v · ∇ϕ)2 dx
) 1
2
dt $%&
≤︸︷︷︸

∫ T
0
‖u‖L2
(∫
Ω
〈v,v〉 〈∇ϕ,∇ϕ〉 dx
) 1
2
dt
≤︸︷︷︸
 
∫ T
0
‖u‖L2 ‖v‖L∞
(∫
Ω
〈∇ϕ,∇ϕ〉 dx
) 1
2
dt
=
∫ T
0
‖u‖L2 ‖v‖L∞ ‖∇ϕ‖L2 dt
≤ cv
∫ T
0
‖u‖L2 ‖ϕ‖W 1,2 dt
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≤︸︷︷︸
 
cv
(∫ T
0
(‖u‖L2)p dt
) 1
p
(∫ T
0
(‖ϕ‖W 1,2)p
∗
dt
) 1
p∗
≤ cv ‖u‖Lp(0,T ;L2) ‖ϕ‖Lp∗ (0,T ;W 1,2)
    	
 	  BV (Ω) 	 L2(Ω)  Ω ⊂ R2 
 
2.1.22 	  2.1.23    	
 	
Lp(0, T ;BV (Ω)) ↪→ Lp(0, T ;L2(Ω)).


〈∂tu, ϕ〉 :=
∫ T
0
∫
Ω
∂tuϕ dx dt ≤ C ‖ϕ‖Lp∗ (0,T ;W 1,2) ,
 ∂tu 	
   	 	  L
p∗(0, T ;W 1,2(Ω)) 
  
∂tu ∈ (Lp∗(0, T ;W 1,2(Ω)))∗ = Lp(0, T ;W−1,2(Ω)).
  	

  	  	   	  
   	  

	
∂tu+∇u · v = 0,

 	
  
∫ T
0
∫
Ω
∂tuϕ dx dt =
∫ T
0
∫
Ω
u∇ · (vϕ) dx dt.
 
	
  	 
		  
   		 	!∣∣∣∣∣
∫ T
0
∫
Ω
∂tuϕ dx dt
∣∣∣∣∣ =
∣∣∣∣∣
∫ T
0
∫
Ω
u∇ · (vϕ) dx dt
∣∣∣∣∣
≤
∫ T
0
∫
Ω
∣∣u∇ · (vϕ)∣∣ dx dt
≤︸︷︷︸
 
∫ T
0
(∫
Ω
u2 dx
) 1
2
(∫
Ω
(∇ · (vϕ))2 dx
) 1
2
dt
=
∫ T
0
‖u‖L2
(∫
Ω
(ϕ∇ · v + v · ∇ϕ)2 dx
) 1
2
dt
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≤︸︷︷︸
 
∫ T
0
‖u‖L2
⎡
⎣(∫
Ω
(ϕ∇ · v)2 dx
) 1
2
+
(∫
Ω
(v · ∇ϕ)2 dx
) 1
2
⎤
⎦ dt
=
∫ T
0
‖u‖L2
(∫
Ω
(ϕ∇ · v)2 dx
) 1
2
dt︸ ︷︷ ︸
(i)
+
∫ T
0
‖u‖L2
(∫
Ω
(v · ∇ϕ)2 dx
) 1
2
dt︸ ︷︷ ︸
(ii)
  	 
	  (ii)   	   
	   5.12 	  	
  	 
	  (i)
∫ T
0
‖u‖L2
(∫
Ω
(ϕ∇ · v)2 dx
) 1
2
dt =
∫ T
0
‖u‖L2
(∫
Ω
(∇ · v)2ϕ2 dx
) 1
2
dt
≤︸︷︷︸
	

∫ T
0
‖u‖L2 ‖∇ · v‖L2k ‖ϕ‖L2k∗ dt
≤︸︷︷︸
	

(∫ T
0
(‖u‖L2)p dt
) 1
p
(∫ T
0
(‖∇ · v‖L2k ‖ϕ‖L2k∗ )p
∗
dt
) 1
p∗
≤︸︷︷︸
	

‖u‖Lp(0,T ;L2) (
∫ T
0
(‖∇ · v‖L2k)p
∗s dt)
1
p∗s (
∫ T
0
(‖ϕ‖L2k∗ )p
∗s∗ dt)
1
p∗s∗
≤ ‖u‖Lp(0,T ;L2) ‖∇ · v‖Lp∗s(0,T ;L2k) ‖ϕ‖Lp∗s∗ (0,T ;L2k∗ )
	  	 
	 	   	∣∣∣∣∣
∫ T
0
∫
Ω
∂tuϕ dx dt
∣∣∣∣∣ ≤ ‖u‖Lp(0,T ;L2) ‖∇ · v‖Lp∗s(0,T ;L2k) ‖ϕ‖Lp∗s∗ (0,T ;L2k∗ )
+ ‖u‖Lp(0,T ;L2) ‖v‖Lp∗s(0,T ;L2) ‖ϕ‖Lp∗s∗ (0,T ;W 1,2)
≤ ‖u‖Lp(0,T ;L2) ‖∇ · v‖Lp∗s(0,T ;L2k) ‖ϕ‖Lp∗s∗ (0,T ;L2k∗ )
+ ‖u‖Lp(0,T ;L2) ‖v‖Lp∗s(0,T ;L2) ‖ϕ‖Lp∗s∗ (0,T ;L2k∗ )
≤ (‖∇ · v‖Lp∗s(0,T ;L2k) + ‖v‖Lp∗s(0,T ;L2)) ‖u‖Lp(0,T ;L2) ‖ϕ‖Lp∗s∗ (0,T ;L2k∗ ) .
       
W 1,2(Ω) ↪→ L2k∗(Ω), ∀k∗ < ∞.
  	
     	  	
  	  	  
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   u 	
    BV (Ω)   (2.1.22)  	 
〈∂tu, ϕ〉 :=
∫ T
0
∫
Ω
∂tuϕ dx dt ≤ C ‖ϕ‖Lp∗s∗ (0,T ;L2k∗ ) .

 ∂tu 
       L
p∗s∗(0, T ;L2k
∗
(Ω))  	   	
∂tu ∈ (Lp∗s∗(0, T ;L2k∗(Ω)))∗ = L
p∗s∗
p∗s∗−1 (0, T ;L
2k∗
2k∗−1 (Ω)).
   
  ∂tu 	  	       
 
2.1.16 	  	 
  	
     u
   Ω ⊂ R2 v ∈ Lq(0, T ;W 1,2(Ω))    cv ∈ R+
‖v‖∞ ≤ cv < ∞   Ω× [0, T ] .
  
 

{
u : u ∈ Lp(0, T ;BV (Ω)), ut +∇ · (uv) = 0
}
      
Lp(0, T ;Lr(Ω)),  1 < r < 2.
   
  ∇·v ∈ Lp∗s(0, T ;L2k(Ω)) 	 1
k
+ 1
k∗ = 1 =
1
p
+ 1
p∗  s, k
∗ > 1
  

{
u : u ∈ Lp(0, T ;BV (Ω)), ut +∇u · v = 0
}
      
Lp(0, T ;Lr(Ω)), 
2k∗
2k∗ − 1 ≤ r < 2.
 
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Lr(Ω) W−1,2(Ω)
Lr
∗
(Ω) W 1,2(Ω)
dual dual
  	
   	
  Lr(Ω)
 
   
 		 	  u 	
 Lp(0, T ;BV (Ω)) 	
   
	
   
	
	 	
  	   
  ∂tu 	
 L
p(0, T ;W−1,2(Ω))
  5.2.5  !	
 	
    "	
	
   2.1.16  
X = BV (Ω) 
 Z = W−1,2(Ω) # 	 	
 	  $
   r  
Y = Lr(Ω) 

BV (Ω) ⊂⊂ Y ↪→ W−1,2(Ω).
%	
  BV (Ω) 	
 Lr(Ω)    r < n
n−1  # 2.1.22 & 
n 	  	 	
	
 "	     	
	
 '  	
 r < 2  
$ 
	
 (    
  Lr(Ω)  
	
 	
 W−1,2(Ω)
#	 
  
    
 Lr 	     Lr
∗
(Ω)& 		

1
r
+ 1
r∗ = 1& 
 W
−1,2(Ω) 	     W 1,2(Ω) )	
	
 
 	
 
W 1,2(Ω) 	
 Lr
∗
(Ω) 		  	      )	 5.1  	

 	
   ! & W 1,2(Ω) 
  
	
  	

Lr
∗
(Ω)  2 ≤ r∗ < ∞  # 2.1.19  #
    *

 r 	
	 1 < r ≤ 2 +	
	
  		
  r  	

BV (Ω) ⊂⊂ Lr(Ω) ↪→ W−1,2(Ω),  1 < r < 2.
"	
  "	
	
  	   	

{
u : u ∈ Lp(0, T ;BV (Ω)), ut +∇ · (uv) = 0
} ⊂⊂ Lp(0, T ;Lr(Ω)),  1 < r < 2.
  
   
  
 	  
 		 	  u 	
 Lp(0, T ;BV (Ω))
)  	 , 	
     
  ∂tu 	
 L
p∗t
p∗t−1 (0, T ;L
2k∗
2k∗−1 (Ω))
	
  BV 	
  	
 Y = Lr(Ω)  r < 2  # 2.1.22  )
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  	 Lr(Ω) ↪→ L 2k
∗
2k∗−1 (Ω) 
   r ≥ 2k∗
2k∗−1    

BV (Ω) ⊂⊂ Lr(Ω) ↪→ L 2k
∗
2k∗−1 (Ω), 
2k∗
2k∗ − 1 ≤ r < 2.
              	
{
u : u ∈ Lp(0, T ;BV (Ω)), ut +∇u · v = 0
} ⊂⊂ Lp(0, T ;Lr(Ω)),  2k∗
2k∗ − 1 ≤ r < 2.
         limk∗→∞ 2k
∗
2k∗−1 = 1  	  	 k
∗  
 
   	            
      
  	 p = q = 2       	    	     
        !
   " #      
      
  	      	 L2(0, T ;BV (Ω))       $
 L2(0, T ;L
3
2 (Ω)) #       t ∈ [0, T ] u      
	  L
3
2 (Ω)
%     !
  
         	  v #
    
   	         Lp
∗s(0, T ;L2k(Ω))
   
      	  p∗ = 2  p∗    &	  
p = 2 #  s          ∂tu  
      
  s = 3
2
 #       k 
      3
2
 #  k∗ = 3 #
       ∇ · v  L3(0, T ;L3(Ω))    '   
 
2k∗
2k∗−1 =
6
5
≤ r < 2 # r = 3
2
     
 	 	    
	 L2(0, T ;BV (Ω))       $  L2(0, T ;L
3
2 (Ω))
      	   
  
   	 	  uk  
u   
    
 	      ∇uk · vk  ∇ · (ukvk)  
          ∇u · v  ∇ · (uv)
 	


 '	      
   Ω ⊂ R2, uk ∈ Lp(0, T ;BV (Ω))  v ∈ Lq(0, T ;W 1,2(Ω))     
‖v‖∞ ≤ cv < ∞   Ω× [0, T ] .
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    	


∂tuk +∇ · (ukvk) ⇀ ∂tu+∇ · (uv)
  		 
 	
	
 	 

 

∇ · v ∈ Lp∗s(0, T ;L2k(Ω)),
 k > 1, s > 1, 1
p
+ 1
p∗ = 1

∂tuk +∇uk · vk ⇀ ∂tu+∇u · v
  		 
 	
	
  
  

 

   ϕ ∈ C∞0 (Ω), uk ∈ Lp(0, T ;BV (Ω))  vk ∈
Lq(0, T ;W 1,2(Ω)) 
    ∂t  
 
		  	 ∫ T
0
∫
Ω
(∂tuk − ∂tu)ϕ dx dt = −
∫ T
0
∫
Ω
(uk − u) ∂tϕ dx dt → 0.
 	 
	  	    	 
 u    
 

  
 uk ⇀ u
  	

   
 
  
 	
∇ · (ukvk) ⇀ ∇ · (uv),
 	   
   
 
  !
 	
−
∫ T
0
∫
Ω
(∇ · (ukvk)−∇ · (uv))ϕ dx dt = ∫ T
0
∫
Ω
(ukvk − uv) · ∇ϕ dx dt
=
∫ T
0
∫
Ω
(ukvk − uvk + uvk − uv) · ∇ϕ dx dt
=
∫ T
0
∫
Ω
(
(uk − u)vk + u(vk − v)
) · ∇ϕ dx dt
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≤
∫ T
0
‖uk − u‖Lr ‖vk · ∇ϕ‖Lr∗
+
∫
Ω
u(vk − v) · ∇ϕ dx dt
≤ ‖uk − u‖Lp(0,T ;Lr) ‖vk · ∇ϕ‖Lp∗ (0,T ;Lr∗ )
+
∫ T
0
∫
Ω
u(vk − v) · ∇ϕ dx dt
≤ C ‖uk − u‖Lp(0,T ;Lr)︸ ︷︷ ︸
(i)
+
∫ T
0
∫
Ω
u(vk − v) · ∇ϕ dx dt︸ ︷︷ ︸
(ii)
.
   	 
 
 	
{
u : u ∈ Lp(0, T ;BV (Ω)), ut +∇ · (uv) = 0
} ⊂⊂ Lp(0, T ;Lr(Ω)),  1 < r < 2.
	  
 	 	 uk ∈ Lp(0, T ;BV (Ω)  
	 uk → u 
	 	
Lp(0, T ;Lr) 	 (i) 
	 
   k → ∞
 
 (ii) 
 		  v   v ∈ L∞([0, T ] × Ω) 	  ∗
		    4  
! "		
  		  (ii)  	
u∇ϕ ∈ L1([0, T ]×Ω) # 
 
 
 	 BV (Ω) ⊂⊂ L1(Ω)  (2.1.22)!
	 p > 1  

Lp(0, T ;BV (Ω)) ↪→ Lp(0, T ;L1(Ω)) ↪→ L1(0, T ;L1(Ω)).
$   u ∈ L1([0, T ] × Ω) 	 	 

 	
	  	 	 L1  	 

 
  u∇ϕ ∈ L1([0, T ]× Ω)   	
lim
k→∞
|
∫ T
0
∫
Ω
ukvk − uv dx dt| ≤ lim
k→∞
C ‖uk − u‖Lp(0,T ;Lr)+
|
∫ T
0
∫
Ω
u(vk − v) · ∇ϕ dx dt| = 0.
  	
%
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   	 
 

 

 
 

−
∫ T
0
∫
Ω
(∇uk · vk −∇u · v)ϕ dx dt =
∫ T
0
∫
Ω
uk∇ · (ϕvk)− u∇ · (ϕv) dx dt
=
∫ T
0
∫
Ω
uk∇ · (ϕvk)− u∇ · (ϕvk)
+ u∇ · (ϕvk)− u∇ · (ϕv) dx dt
=
∫ T
0
∫
Ω
(uk − u)∇ · (ϕvk)
+ u∇ · (ϕ(vk − v)) dx dt
=
∫ T
0
∫
Ω
(uk − u)∇ · (ϕvk) dx dt︸ ︷︷ ︸
(i)
+
∫ T
0
∫
Ω
u∇ · (ϕ(vk − v)) dx dt︸ ︷︷ ︸
(ii)
.

 (i) 
  
 
 
∫ T
0
∫
Ω
(uk − u)∇ · (ϕvk) dx dt ≤
∫ T
0
‖uk − u‖Lr
∥∥∇ · (ϕvk)∥∥Lr∗ dt
≤ ‖uk − u‖Lp(0,T ;Lr)
∥∥∇ · (ϕvk)∥∥Lp∗ (0,T ;Lr∗ )
= ‖uk − u‖Lp(0,T ;Lr) ‖ϕ∇ · vk + vk · ∇ϕ‖Lp∗ (0,T ;Lr∗ )
≤ ‖uk − u‖Lp(0,T ;Lr(Ω)) ·
(‖ϕ∇ · vk‖Lp∗ (0,T ;Lr∗ (Ω))︸ ︷︷ ︸
(i.1)
+ ‖vk · ∇ϕ‖Lp∗ (0,T ;Lr∗ (Ω))︸ ︷︷ ︸
(i.2)
)
 
 	 (i.1)  	
  	 
   	  
 	 	
  

	 	   ∇ · v  	 
 
  
 
∇ · v ∈ Lp∗s(0, T ;L2k(Ω)).
  	
   	

Lp
∗s(0, T ;L2k(Ω)) ↪→ Lp∗(0, T ;Lr∗(Ω)).
 
!    	  	  " 
   p∗s ≥ p∗ 

2k ≥ r∗   s > 1 	 # 
   $ 	    

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    	  
  r 	 r∗  	 	 	  
 		  
 
     2k
∗
2k∗−1 ≤ r < 2       
 	  2k ≥ r∗ 

2k ≥ r∗ ⇔ 2k ≥ r
r − 1 ⇔ 2kr − r ≥ 2k ⇔ (2k − 1)r ≥ 2k ⇔
2k
2k − 1 ≤ r ⇔
2k∗
k∗ + 1
≤ r
  k∗ > 2  
 2k
∗
k∗+1 <
2k∗
k∗−1 	 r   
     
2k∗
2k∗−1 ≤ r < 2    
  
 
	!  k∗ ≤ 2  
 2k
∗
k∗+1 >
2k∗
k∗−1  "  
    
r = 3/2 	   2k
∗
k∗+1 ≤ r    1 < k∗ ≤ 2 #
 	  
 $	 	 
∇ · vk  Lp∗(0, T ;Lr∗(Ω))
%  (i.2) 
  		   
     &  
  
     u  !    
  (i)  	   '
(     (ii)  $ ) 		  
! 
∫ T
0
∫
Ω
u∇ · (ϕ(vk − v)) dx dt =
∫ T
0
∫
Ω
uϕ∇ · (vk − v)︸ ︷︷ ︸
(ii).1
+ u(vk − v) · ∇ϕ︸ ︷︷ ︸
(ii).2
dx dt,
	    
  (ii).2 
 	  		   
      "
(ii).1  
  
 		 $
∇ · vk ∈ Lp∗s(0, T ;L2k(Ω)),
 
! !  ∗!  
uϕ ∈ L(p∗s)∗(0, T ;L(2k)∗(Ω)).
* k > 1    
(2k)∗ =
2k
2k − 1 < 2 ∀k > 1,


 !   
 		  
 + #
 2.1.22,!  
   	
	
BV (Ω) ↪→ L 2k2k−1 (Ω) = L(2k)∗(Ω) ∀k > 1.
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   	
	
(p∗s)∗ =
p∗s
p∗s− 1 =
p
p−1s
p
p−1s− 1
=
ps
ps− p+ 1 ,
 
  
	   
	
ps
ps− p+ 1 < p ⇔ ps < p
2s− p2 + p ⇔ s < ps− p+ 1 ⇔ s− 1 < p(s− 1) ⇔ 1 < p.
 p > 1    
  
  
   
Lp(0, T ;BV (Ω)) ↪→ Lp(0, T ;L 2k2k−1 (Ω)) = Lp(0, T ;L(2k)∗(Ω))
↪→ L psps−p+1 (0, T ;L(2k)∗(Ω)) = L(p∗s)∗(0, T ;L(2k)∗(Ω)).

	   u ∈ L(p∗s)∗(0, T ;L(2k)∗(Ω))    
	  Lp∗s(0, T ;L2k(Ω))

   ∗   ∇ · vk  (ii).1   0  k → ∞

 		 
    
     
lim
k→∞
∣∣∣∣∣
∫ T
0
∫
Ω
(∇uk · vk −∇u · v)ϕ dx dt
∣∣∣∣∣ ≤ limk→∞
∣∣∣∣∣
∫ T
0
∫
Ω
(uk − u)∇ · (ϕvk) dx dt
∣∣∣∣∣
+ lim
k→∞
∣∣∣∣∣
∫ T
0
∫
Ω
u∇ · (ϕ(vk − v)) dx dt
∣∣∣∣∣
≤ C lim
k→∞
‖uk − u‖Lp(0,T ;Lr)
+ lim
k→∞
∣∣∣∣∣
∫ T
0
∫
Ω
uϕ∇ · (vk − v) dx dt
∣∣∣∣∣
+ lim
k→∞
∣∣∣∣∣
∫ T
0
∫
Ω
u(vk − v) · ∇ϕ dx dt
∣∣∣∣∣
= 0.
    		 	  
  
	   !   "
  !  #	 (5.2.1)  #	 (5.2.2)
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  	
   	
   
	  TV − L2 	
 Ω ⊂ R2, p, q > 1, pˆ = min {p, 2} , T ∈ R+  	  TV − L2 
J(u,v) =
∫ T
0
1
2
‖Ku− f‖22 dt+ α
∫ T
0
∣∣u(·, t)∣∣p
BV
dt+
β
2
∫ T
0
∥∥∇v(·, t)∥∥2q
L2
dt.
 
	 
‖v‖∞ ≤ cv < ∞   Ω× [0, T ]  K1t = 0 ∀t ∈ [0, T ] .
 
     (u˜, v˜)   {
(u,v) : u ∈ Lpˆ(0, T ;BV (Ω)),v ∈ Lq(0, T ;W 1,2(Ω)), ∂tu+∇ · (uv) = 0
}
.
 
 
	  s, k > 1  p∗   1
p
+ 1
p∗ = 1   	  
   
{(u,v) :u ∈ Lpˆ(0, T ;BV (Ω)),v ∈ Lq(0, T ;W 1,2(Ω)),
∇ · v ∈ Lp∗s(0, T ;L2k(Ω)), ∂tu+∇ · (uv) = 0}.
    	   
	  
 	 	
 		
	 2.2.17 	 	
       	   !"∗ 			

		  
	  5.2.3      	 	   !"∗ 	  	"
	  5.2.4
#$ 
	   (uk,vk) 	 	 	   	 
 5.2.7 % 
		   &	 5.2.1  &	 5.2.2$     "
   	 5.10$   
Uniqueness
  
	   '"L2 	  	 (	 '"L2 	  	
)	 $    	  	 	 $   	 	
∂tu+∇ · (uv) = 0
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   	
    	
∂t +∇u · v = 0
   	 
5.2.3. Numerical Realization
 	
   	 	 	 		 	    	      	

	 	     	 	    			 	  	 
	
 	  u   v 	 		 	     			 	    	 	 
 	 u  	      !    "
 [#$] 	  	 	

         %  	 	
  
 & 		  
 	 

  v &    
   	
	 
   u   v  
 ' 	   	
	 	  %   	  	    
	
 	    	   			    	 	  	 	 	


&   (      
 	 		 	  	 ) 5.2.2
  5.2.1 	 
 	  	   L1  %  	   		   
 γ 	 	   
 	 TV − L2 	
   
argmin
u,v
∫ T
0
1
2
‖Ku− f‖22 + α ‖∇xu‖1 +
β
2
‖∇xv‖22 + γ ‖ut +∇xu · v‖1 dt, *+,-.
  
 	 TV − L2    	 
argmin
u,v
∫ T
0
1
2
‖Ku− f‖22 + α ‖∇xu‖1 +
β
2
‖∇xv‖22 + γ
∥∥ut +∇x · (uv)∥∥1 dt. *+,/.
 	
  	
    	   	%       
 	  	 
	    	 	             %    
 	    
 	 	     	 )&0&1 2   	
 	 	    
 	 	 	   	   %  
 

	 
  	 !
% 	   	     C++ ' (     	 	 3)" 	

      %    
   '	 % +4 
    )&0&1
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Realization of the TV − L2 Optical Flow Model
Primal-dual Framework
    		
  	 (5.13) 	 u 	 v   	 		 	
	 
	   	  
  u 	  
  v
		    

uk+1 = argmin
u
∫ T
0
1
2
‖Ku− f‖22 + α ‖∇xu‖1 + γ
∥∥∥ut +∇xu · vk∥∥∥
1
dt, 
vk+1 = argmin
v=(v1,v2)
∫ T
0
∥∥∥uk+1t +∇xuk+1 · v∥∥∥
1
+
β
2γ
‖∇xv‖22 dt.  
  	 u

 !! (5.15)     ! "
#  [$ ] 
%
	 2.3.1    &		  
'   	 !   
!  
#  	'' 
		 	  L1 ( 	  '
	
 		  %
	 2.2.6     
  	    
u 	 '         	 	    	 )	
F (Cu) =
∫ T
0
1
2
‖Ku− f‖22 + α ‖∇xu‖1 + γ
∥∥∥(1, vk1 , vk2) · (ut, ux, uy)∥∥∥
1
dt,
 	 		 
Cu =
⎛
⎜⎜⎝
K
∇x
(∂t, ∂x, ∂y)
⎞
⎟⎟⎠u
	
G(u) = 0.
* +	   C  
 '	 !
C∗y = K∗y1 −∇x · y2 − (∂t(y3,1) + ∂x(y3,2) + ∂y(y3,3)).
( 		    #  	   	 
  	  K

 
	  		
 ! 
	  
	'	  			 ,	
	 
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	      
y˜l+1 = yl + σCu¯l 
yl+11 = argmin
y
{∫ T
0
1
2
∥∥∥y − y˜1l+1∥∥∥2
2
+
σ
2
‖y‖22 + σ〈y, f〉 dt
}

yl+12 = argmin
y
{∫ T
0
1
2
∥∥∥y − y˜2l+1∥∥∥2
2
+ σαδB(L∞)(y/α) dt
}

yl+13 = y˜3
l+1 − σ argmin
y
⎧⎨
⎩
∫ T
0
1
2
∥∥∥∥∥y − y˜3
l+1
σ
∥∥∥∥∥
2
2
+
γ
σ
∥∥∥(1, vk1 , vk2) · y∥∥∥
1
dt
⎫⎬
⎭  !
ul+1 = argmin
u
{∫ T
0
1
2
∥∥∥u− (ul − τC∗yl+1)∥∥∥2
2
dt
}
 
u¯l+1 = ul+1 + θ(ul+1 − ul).   
" 	  
 y1  #$	 5.18  $	%   
&   
' 4.5.7 
 
argmin
y
{∫ T
0
1
2
∥∥∥y − (y˜1l+1 − σf)∥∥∥2
2
+
σ
2
‖y‖22 dt
}
.
'     L2  (  	   ) 
	 
yl+11 =
y˜l+11
σ + 1
− σ
σ + 1
f.
" 	  
 y2   *%) 	  ' 4.5.4   &  
	     + 
 y˜2
l  [−α, α]
yl+12 = πα(y˜2
l+1).
,     y3       )  -  L
1 . "
( 
/
β = (1, vk1 , v
k
2), ‖β‖2 =
√
1 + vk1v
k
1 + v
k
2v
k
2 , f(y) = (1, v
k
1 , v
k
2) · y.
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   	
   
  
 
 
y =
y˜l+13
σ
+
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
γ
σ
β 
 f(
y˜l+13
σ
) < − γ
σ
‖β‖2
− γ
σ
β 
 f(
y˜l+13
σ
) > γ
σ
‖β‖2
−f(
y˜l+13
σ
)β
‖β‖2 
  	
  ul+1   	 
   

 

 
u− (ul − τC∗yl+1) != 0,
   	
  
u = ul − τC∗yl+1.
	
 	 	 	  
  
 vk  
  
  l → ∞
   	
   (5.15)  uk+1
y˜l+1 = yl + σCu¯l
yl+11 =
y˜l+11 − σf
σ + 1
yl+12 = πα(y˜2
l+1)
yl+13 =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
−γβ 
 f( y˜l+13
σ
) < − γ
σ
‖β‖2
γβ 
 f(
y˜l+13
σ
) > γ
σ
‖β‖2
σf(
y˜l+13
σ
)β
‖β‖2 
ul+1 = ul − τC∗yl+1
u¯l+1 = ul+1 + θ(ul+1 − ul)
  	 v

 

    	    (5.16)   	 vk+1 

  	   
 



  uk+1   
	
 
 
  	  	

  
  	 	
 

F (Cv) :=
∫ T
0
β
2γ
‖∇xv‖22 dt,
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 
Cv =
(
∇x 0
0 ∇x
)(
v1
v2
)
, C∗y = −
(
∇x· 0
0 ∇x·
)(
y1
y2
)
.
 	
   
  
  v  
  uk+1 
 
	 
   
 
 	
 
  
G(v) :=
∫ T
0
∥∥∥uk+1t +∇xuk+1 · v∥∥∥
1
dt.

	
  
 	
 F ∗ 	  F 
F ∗(y) :=
γ
2β
‖y‖22 .
    
 
       

  

argmin
v
argmax
y
∫ T
0
∥∥∥uk+1t +∇xuk+1 · v∥∥∥
1
+ 〈v, K∗y〉 − γ
2β
‖y‖22 dt.
 
 
    	
y˜l+1 = yl + σCv¯l  !"#
yl+1 = argmin
y
{∫ T
0
1
2
∥∥∥y − y˜l+1∥∥∥2
2
+
σγ
2β
‖y‖22 dt
}
 !"$
vl+1 = argmin
v
{∫ T
0
1
2
∥∥∥v − (vl − τC∗yl+1)∥∥∥2
2
+ τ
∥∥∥ukt +∇xuk · v∥∥∥
1
dt
}
 !" 
v¯l+1 = vl+1 + θ(vl+1 − vl)  !"%
   y  
 
 L2!  	
	
  
 	
y − y˜l+1 + σγ
β
y
!
= 0,

  
     
yl+1 =
β
β + γσ
y˜l+1.
 &
   v  
 	
 
' 
  (
  )
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2.2.29   
v˜ := vl − τC∗yl+1, f(v) := ukt +∇xuk · v, β := ∇xuk,
	 
 
 	  
v = v˜ +
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
τβ  f(v˜) < −τ ‖β‖2
−τβ  f(v˜) > τ ‖β‖2
−f(v˜)β‖β‖2 

.
  
 	
 
  	  
	
y˜l+1 = yl + σCv¯l
yl+1 =
β
β + γσ
y˜l+1
v˜l+1 = vl − τC∗yl+1
vl+1 = v˜ +
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
τβ  f(v˜) < −τ ‖β‖2
−τβ  f(v˜) > τ ‖β‖2
−f(v˜)β‖β‖2 

v¯l+1 = vl+1 + θ(vl+1 − vl)
  	    	 
   (5.16) 
 vk+1 = liml→∞ vl
Discretization and Algorithm
  	  
∫ T
0
1
2
‖Ku− f‖22 + α ‖∇xu‖1 +
β
2
‖∇xv‖22 + γ ‖ut +∇xu · v‖1 dt.
 	 
  !  
 ‖∇xu‖1  ‖∇xv‖22  
  
 

! 	    ∇x 
  " 
  	 #
 

  

 	    

  	  
  
  

{
(i, j, t) : i = 0, . . . , nx, j = 0, . . . , ny, t = 0, . . . , nt
}
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 	 y 
  
vix(i, j) =
⎧⎨
⎩v(i+ 1, j)− v(i, j) 	 i < nx0 	 i = nx
viy(i, j) =
⎧⎨
⎩v(i, j + 1)− v(i, j) 	 j < ny0 	 j = ny
∇ · y(i, j) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
y1(i, j)− y1(i− 1, j) 	 i > 0
y1(i, j) 	 i = 0
−y1(i− 1, j) 	 i = nx
+
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
y2(i, j)− y2(i, j − 1) 	 j > 0
y2(i, j) 	 j = 0
−y2(i, j − 1) 	 j = ny.
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	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	 ‖∇xu‖1 
 ‖∇xv‖22   
	
  ‖ut +∇xu · v‖1 	 	   
	
  		
 v   


 ut+∇xu ·v      	
	
 
 	
   
  
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 
 
	 	
    	  
 
 
 	
 	
 	  
 
 
  	
	  

 
 	
 	 
	

 
 U 	 	 
    
 
 	 
 
  

 

ut(i, j, t) =
⎧⎨
⎩
u(i,j,t+1)−u(i,j,t)
δt
 t < nt
0  t = nt
ux(i, j, t) =
⎧⎨
⎩
u(i+1,j,t)−u(i−1,j,t)
2δx
 i > 0 	 i < nx
0  i = 0  i = nx
uy(i, j, t) =
⎧⎨
⎩
u(i,j+1,t)−u(i,j−1,t)
2δy
 j > 0 	 j < ny
0  j = 0  j = ny
	  
 	
 

ut(i, j, t) =
⎧⎨
⎩
u(i,j,t)−u(i,j,t−1)
δt
 t > 0
0  t = 0
ux(i, j, t) =
⎧⎨
⎩
u(i+1,j,t)−u(i−1,j,t)
2δx
 i > 0 	 i < nx
0  i = 0  i = nx
uy(i, j, t) =
⎧⎨
⎩
u(i,j+1,t)−u(i,j−1,t)
2δy
 j > 0 	 j < ny
0  j = 0  j = ny
  
	 
	  
 	
	    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 
	
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
	 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	

	 %	 
 	 
 	& 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	 
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 	
 

	 k 	 k + 1 &
errmain :=
∣∣uk − uk+1∣∣+ ∣∣vk − vk+1∣∣
2 |Ω|
	 
 
 	 

	  
 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 	 
   TV − L2 	
 
 	  	 	 	 

 	

f, α, β, γ,K
v, u ← 0  < threshold
uOldM ← u
vOldM ← v
y, u¯ ← 0 u < threshold
uOld ← u
y˜ ← y + σCuu¯
y1 ← y˜1σ+1 − σf
y2 ← y˜2 − σS( y˜2σ , ασ )
y3 ← solveAffine(y˜3,v)
u ← u− τC∗uy
u¯ ← 2u− uOld
y, v¯ ← 0 v < threshold
vOld ← v
y˜ ← y + σCvv¯
y ← β
β+γσ
y˜
v˜ ← v − τC∗vy
v ← solveAffine(v˜)
v¯ ← 2v − vOld
 ← |u−uOldM |+|v−vOldM |
2|Ω|
v
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Realization of the TV − L2 Mass Preservation Model
Primal dual Framework
   	
	    	 	    		   	
 	    			
	 	  	 	   u  v
	      	  	  	 uk,vk 	  
 
uk+1 = argmin
u
∫ T
0
1
2
‖Ku− f‖22 + α ‖∇xu‖1 + γ
∥∥∥ut +∇x · (uvk)∥∥∥
1
dt,  
vk+1 = argmin
v
∫ T
0
∥∥∥uk+1t +∇x · (uk+1v)∥∥∥
1
+
β
2γ
‖∇xv‖22 dt. ! 
  	 u

" 	 	   	 #$	 5.27  	   	  
 u 	  %     	 	 F  	 
F (Cu) =
∫ T
0
1
2
‖Ku− f‖22 + α ‖∇xu‖1 + γ
∥∥∥ut +∇x · (uvk)∥∥∥
1
dt,
	
Cu =
⎛
⎜⎜⎝
K
∇x
(∂t,∇x, I)
⎞
⎟⎟⎠u

G(u) = 0.
 &	   C 	  	 
C∗y = K∗y1 −∇x · y2 − (∂t(y3,1) + ∂x(y3,2) + ∂y(y3,3)− I(y3,4)).
'	  ()*+  	    		  l   )
	 ,
y˜l+1 = yl + σCu¯l - 
yl+11 = argmin
y
{∫ T
0
1
2
∥∥∥y − y˜1l+1∥∥∥2
2
+
σ
2
‖y‖22 + σ〈y, f〉 dt
}
./ 
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yl+12 = argmin
y
{∫ T
0
1
2
∥∥∥y − y˜2l+1∥∥∥2
2
+ σαδB(L∞)(y/α) dt
}
 
yl+13 = y˜
l+1
3 − σ argmin
y
⎧⎨
⎩
∫ T
0
1
2
∥∥∥∥∥y − y˜
l+1
3
σ
∥∥∥∥∥
2
2
+
γ
σ
∥∥y · (1, v1, v2,∇x · v)∥∥1 dt
⎫⎬
⎭  
ul+1 = argmin
u
{∫ T
0
1
2
∥∥∥u− (ul − τC∗yl+1)∥∥∥2
2
dt
}
 
u¯l+1 = ul+1 + θ(ul+1 − ul)  
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$
y˜l+1 = yl + σCu¯l
yl+11 =
y˜l+11 − σf
σ + 1
yl+12 = πα(y˜2
l+1)
yl+13 =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
−γβ  f( y˜l+13
σ
) < − γ
σ
‖β‖2
γβ  f(
y˜l+13
σ
) > γ
σ
‖β‖2
σf(
y˜l+13
σ
)β
‖β‖2 


ul+1 = ul − τC∗yl+1
u¯l+1 = ul+1 + θ(ul+1 − ul).
%
    5.27  
 
&
  uk+1 = liml→∞ ul
  	 v

' vk+1 
 
  

argmin
v
∫ T
0
∥∥∥uk+1t +∇x · (uk+1v)∥∥∥
1
+
β
2γ
‖∇xv‖22 dt, .
(
)#  
 
&  * 
 
  
 
   

  F ! 
  
  
 
  v 
 
!
F (Cv) :=
∫ T
0
∥∥∥uk+1t +∇x · (uk+1v)∥∥∥
1
+
β
2γ
‖∇xv‖22 dt,
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   	 
	
	 C  
Cv =
⎛
⎜⎜⎝
∇x 0
0 ∇x
∂xu
k+1 ∂yu
k+1
⎞
⎟⎟⎠
(
v1
v2
)
.
   
 
   (∂xu)(v1) := ∂x(v1u)   
 
	
	

 C 
C∗y = −
(
∇x· 0 uk+1∂x
0 ∇x· uk+1∂y
)⎛⎜⎜⎝
y1
y2
y3
⎞
⎟⎟⎠ .

     
	   F ∗
F ∗(y) :=
∫ T
0
γ
2β
∥∥y1,2∥∥22 + δB(L∞)(y3)− 〈uk+1t , y3〉 dt.
   	 
	

argmin
v
argmax
y=(y1,y2,y3)
∫ T
0
〈v, C∗y〉 − γ
2β
∥∥y1,2∥∥22 − δB(L∞)(y3) + 〈uk+1t , y3〉 dt.

	
	  	 
	
 
  
 
! 
  
y˜l+1 = yl + σCv¯ "#$#%
yl+11,2 = argmin
y
{∫ T
0
1
2
∥∥∥y − y˜l+11,2 ∥∥∥2
2
+
σγ
2β
‖y‖22 dt
}
"#$&%
yl+13 = argmin
y
{∫ T
0
1
2
∥∥∥y − y˜l+13 ∥∥∥2
2
+ δB(L∞)(y3)− 〈uk+1t , y〉 dt
}
"#$'%
vl+1 = argmin
v
{∫ T
0
1
2
∥∥∥v − (vl − τC∗y)∥∥∥2
2
}
"#$(%
v¯l+1 = vl+1 + θ(vl+1 − vl) "#$)%
 	
 
	 y1,2 	 	  	 

  	   
yl+11,2 =
β
β + σγ
y˜l+11,2 .
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    	
 	     4.5.4      
	 	  y˜3
l+1  [−1, 1]
yl+13 = π1(y˜3
l+1).
  	    
y˜l+1 = yl + σCv¯,
yl+11,2 =
β
β + σγ
y˜l+11,2 ,
yl+13 = π1(y˜3
l+1),
vl+1 = vl − τC∗y,
v¯l+1 = vl+1 + θ(vl+1 − vl).
   
      5.28!  vk+1 = liml→∞ vl"
Discretization and Algorithm
   #    	       L2−TV
	 $       TV − L2  	% 
∫ T
0
1
2
‖Ku− f‖22 + α ‖∇xu‖1 +
β
2
‖∇xv‖22 + γ
∥∥ut +∇x · (uv)∥∥1 dt.
& 	 #  ‖∇xu‖1  ‖∇xv‖22  #   
  %  '   	% # " & 
 ut +∇x · (uv)  	  	       
     (  #  %% %%" 
   5.2.3  " &     	
5.3. Simultaneous TV − TV Image Reconstruction and
Motion Estimation
5.3.1. Deﬁnition and Motivation
           % 
       %   " & 
% '     %  	   
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 	 
   TV −L2  	

     


 	

f, α, β, γ,K
  v, u ← 0  < threshold
 uOldM ← u
 vOldM ← v
 y, u¯ ← 0 u < threshold
 uOld ← u
 y˜ ← y + σCuu¯
 y1 ← y˜1σ+1 − σf
	 y2,3 ← y˜2,3 − σS( y˜2,3σ , ασ )

 u ← u− τC∗uy
  u¯ ← 2u− uOld
   y, v¯ ← 0 v < threshold
  vOld ← v
  y˜ ← y + σCvv¯
  y1,2 ← ββ+γσ ˜y1,2
  y3 ← solveAffine(y˜3, u)
  v ← v − τC∗vy
  v¯ ← 2v − vOld
 	  ← |u−uOldM |+|v−vOldM |
2|Ω|
 
 v

  

 
      
 
 
! 
 
 "  v #
    u$ % 
  &
 
! 
 

 
 ' 
   &L2   %    

  
 (%  
 
 &

 TV − TV  
argmin
u,v
∫ T
0
1
2
‖Ku− f‖22 dt+ α
∫ T
0
∣∣u(·, t)∣∣
BV
dt+ β
∫ T
0
∣∣v(·, t)∣∣
BV
dt )*+,-
 ∂tu+∇ · (uv) = 0  D′([0, T ]× Ω),
  . (% TV − TV  
argmin
u,v
∫ T
0
1
2
‖Ku− f‖22 dt+ α
∫ T
0
∣∣u(·, t)∣∣
BV
dt+ β
∫ T
0
∣∣v(·, t)∣∣
BV
dt )*+/-
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  ∂tu+∇u · v = 0  D′([0, T ]× Ω).
	
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 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
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	 	
	 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 
	  4.3 
  	   
	
 4.2 	 	  	    	 		 	  
5.3.2. Existence and Uniqueness

  			  !   		   !  "#"#      $

!
  "#L2  
   	% ! 
 	   		 	 
 
	

 
  !  1 < p, q ∈ R "  
	 "#"# 
   
	 
J(u,v) =
∫ T
0
1
2
‖Ku− f‖22 dt+ α
∫ T
0
∣∣u(·, t)∣∣p
BV
dt+ β
∫ T
0
∣∣v(·, t)∣∣q
BV
dt. &'(
Existence
" 
  

  
   		 	   !        
    
 τ   	      	
   
  	
   )	 5.2.3
   *	   !      !  
	 "#"# 
)
u ∈ Lp(0, T ;BV (Ω)), v ∈ Lq(0, T ;BV (Ω)), J(u,v) ≤ α
	 !



‖v‖∞ ≤ cv < ∞  Ω× [0, T ] 	 K1t = 0 ∀t ∈ [0, T ] .
+ !
 (u,v)    
S(c) =
{
(u,v) ∈ Lpˆ(0, T ;BV (Ω))× Lq(0, T ;BV (Ω)) : J(u,v) ≤ c
}
 	
‖u‖Lpˆ(0,T ;BV (Ω)) ≤ c, ‖v‖Lq(0,T ;BV (Ω)) ≤ c  pˆ = min {p, 2} .
* , S(c)     	 	   	%∗ 
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 	   	 	  L2 	  	
 u  
 
   
	  
 5.2.3
	  	
 	 (5.42)  
 	  
 
		 
 	 v
∫ T
0
∣∣v(·, t)∣∣q
BV (Ω)
dt ≤ α
   

   
 
! 
 	 v
‖v‖Lq(0,T ;BV (Ω)) ≤ ‖v‖qLq(0,T ;BV (Ω)) =
∫ T
0
∥∥v(·, t)∥∥q
BV (Ω)
dt
≤
∫ T
0
∥∥v(·, t)∥∥q
L1(Ω)
dt+
∫ T
0
∣∣v(·, t)∣∣q
BV (Ω)
dt
≤
∫ T
0
cqv |Ω| dt+ α = cqv |Ω|T + α
"   	 u 
 v 
 

   #

$
 
 2.2.16
  	%	 
 	   
&∗ 
   	    	
  
 	
  	 (5.42)  
&∗ 	 
      '	  	 	  	  	 
   TV − L2  (
 5.2.4)    	 	   
	
#	  
 
	
 
$
  	
 
	   

   	   	   	
 *
  
 	
 
   

   L2  
 	
  
	

   # 	 ∂tu
 Ω ⊂ R2, u ∈ Lp(0, T ;BV (Ω)) 
 v ∈ Lq(0, T ;BV (Ω))  			
‖v‖∞ ≤ cv < ∞ 
  Ω× [0, T ] .
+ 	

 

 	 u,v     %

∂tu+∇ · (uv) = 0
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  
∂tu ∈ L
p∗t
p∗t−1 (0, T ;W−1,2(Ω)).
   	

	 
	 ∇ · v ∈ Lp∗s(0, T ;L2k(Ω))  	 1
k
+ 1
k∗ = 1, k > 1
1
s
+ 1
t
= 1 
	 u,v  	 	   	
∂tu+∇u · v = 0.
   
∂tu ∈ Lp∗t(0, T ;L 2k
∗
2k∗−1 (Ω)).
   
     	 	 
 
 	 TV − L2  
5.2.5  	 		   	   
 v  ∇ · v  

v ∈ Lq(0, T ;BV (Ω))   	 	   	
    
 ∂t       	 ! 	 "  2.1.16
 	 	 
  	
	  #	  
 u
	  Ω ⊂ R2, u ∈ Lp(0, T ;BV (Ω))  v ∈ Lq(0, T ;BV (Ω)) 	 
	 
‖v‖∞ ≤ cv < ∞   Ω× [0, T ] .
$  	
 	
{
u : u ∈ Lp(0, T ;BV (Ω)), ut +∇ · (uv) = 0
}
  	!  	
Lp(0, T ;Lr(Ω)), 
 1 < r < 2.
   	

	 
	 ∇·v ∈ Lp∗s(0, T ;L2k(Ω))  	 1
k
+ 1
k∗ = 1 =
1
p
+ 1
p∗  s, k
∗ > 1
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   
{
u : u ∈ Lp(0, T ;BV (Ω)), ut +∇u · v = 0
}
 	 
 	 

Lp(0, T ;Lr(Ω)), 

2k∗
2k∗ − 1 ≤ r < 2.
    

  	 
  
  

 
  
 5.2.6
   
 
  

 Ω ⊂ R2, uk ∈ Lp(0, T ;BV (Ω))  vk ∈ Lq(0, T ;BV (Ω))  

‖v‖∞ ≤ cv < ∞   Ω× [0, T ] .
 	

 

 
∂tuk +∇ · (ukvk) ⇀ ∂tu+∇ · (uv)
  
 	

  
 
 ∇ · v ∈ Lp∗s(0, T ;L2k(Ω))  k, s > 1  
∂tuk +∇uk · vk ⇀ ∂tu+∇u · v
   
 	

   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−
∫ T
0
∫
Ω
(∇ · (ukvk)−∇ · (uv))ϕ dx dt ≤ C ‖uk − u‖Lp(0,T ;Lr)︸ ︷︷ ︸
(i)
+
∫ T
0
∫
Ω
u(vk − v) · ∇ϕ dx dt︸ ︷︷ ︸
(ii)
	
           
     
    (i) 
       
  (ii)         
  W 1,2      v     
  v ∈ L∞(Ω)   
  
     ∗           !  4 
 " #   
         L1     (2.1.22)"   
  u ∈ L1
    u∇ϕ ∈ L1 	

∫ T
0
∫
Ω
vk · (u∇ϕ) dx dt →
∫ T
0
∫
Ω
v · (u∇ϕ) dx dt
  (ii)     $  %   
lim
k→∞
∣∣∣∣∣
∫ T
0
∫
Ω
ukvk − uv dx dt
∣∣∣∣∣ ≤ limk→∞C ‖uk − u‖Lp(0,T ;Lr) +
∣∣∣∣∣
∫ T
0
∫
Ω
u(vk − v) · ∇ϕ dx dt
∣∣∣∣∣ = 0.
  	
 & 
    
  TV − L2   
      
   '
    
−
∫ T
0
∫
Ω
(∇uk · vk −∇u · v)ϕ dx dt ≤
∫ T
0
∫
Ω
(uk − u)∇ · (ϕvk) dx dt︸ ︷︷ ︸
(i)
+
∫ T
0
∫
Ω
u∇ · (ϕ(vk − v)) dx dt︸ ︷︷ ︸
(ii)
	
      (i) 
         
      v  
∇ · v
(  (ii)                
     
 
    
∫ T
0
∫
Ω
u∇ · (ϕ(vk − v)) dx dt =
∫ T
0
∫
Ω
uϕ∇ · (vk − v)︸ ︷︷ ︸
(ii).1
+ u(vk − v) · ∇ϕ︸ ︷︷ ︸
(ii.2)
dx dt,
      
 
     )  5.2.7  
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lim
k→∞
∣∣∣∣∣
∫ T
0
∫
Ω
(∇uk · vk −∇u · v)ϕ dx dt
∣∣∣∣∣ ≤ limk→∞
∣∣∣∣∣
∫ T
0
∫
Ω
(uk − u)∇ · (ϕvk) dx dt
∣∣∣∣∣
+ lim
k→∞
∣∣∣∣∣
∫ T
0
∫
Ω
u∇ · (ϕ(vk − v)) dx dt
∣∣∣∣∣
≤ C lim
k→∞
‖uk − u‖Lp(0,T ;Lr)
+ lim
k→∞
∣∣∣∣∣
∫ T
0
∫
Ω
uϕ∇ · (vk − v) dx dt
∣∣∣∣∣
+ lim
k→∞
∣∣∣∣∣
∫ T
0
∫
Ω
u(vk − v) · ∇ϕ dx dt
∣∣∣∣∣
= 0
   	 	          L2    	   	
	        	        	
   	    	    (5.40), (5.41)   	 
(5.42)
  	
     	     TV − TV  
! Ω ⊂ R2, p, q > 1, pˆ = min {p, 2} 	    TV − TV 
J(u,v) =
∫ T
0
1
2
‖Ku− f‖22 dt+ α
∫ T
0
∣∣u(·, t)∣∣
BV
dt+
β
2
∫ T
0
∣∣∇v(·, t)∣∣
BV
dt.
!   "
‖v‖∞ ≤ cv < ∞ 	  Ω× [0, T ] 	 K1t = 0 ∀t ∈ [0, T ] .
 
   	  (u˜, v˜)   {
(u,v) : u ∈ Lpˆ(0, T ;BV (Ω)),v ∈ Lq(0, T ;BV (Ω)), ∂tu+∇ · (uv) = 0
}
.
 
!   s, k > 1 	 p∗  	 1
p
+ 1
p∗ = 1   	   	 
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   {
(u,v) : u ∈ Lpˆ(0, T ;BV (Ω)),v ∈ Lq(0, T ;BV (Ω)),∇ · v ∈ Lp∗s(0, T ;L2k(Ω)), ∂tu+∇ · (uv) = 0
}
.
   	 
      5.3.8
Uniqueness
        
 
  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   
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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5.3.3. Numerical Realization
Realization of the TV − TV Optical Flow Model
Primal-dual Framework
    !    TV − TV    
       
  TV − L2    
 " #  $%&' (     

    
     
 	)   
argmin
u,v
∫ T
0
1
2
‖Ku− f‖22 + α ‖∇xu‖1 + β ‖∇xv‖1 + γ ‖ut +∇xu · v‖1 dt, "$*&'
 	    !
           uk,vk   
   
		+
uk+1 = argmin
u
∫ T
0
1
2
‖Ku− f‖22 + α ‖∇xu‖1 + γ
∥∥∥ut +∇xu · vk∥∥∥
1
dt "$**'
vk+1 = argmin
v
∫ T
0
∥∥∥uk+1t +∇xuk+1 · v∥∥∥
1
+
β
γ
‖∇xv‖1 dt. "$*$'
  	 u
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  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   	  	    uk+1  liml→∞ ul
y˜l+1 = yl + σCu¯l
yl+11 =
y˜l+11 − σf
σ + 1
yl+12 = πα(y˜2
l+1)
yl+13 = πγ(y˜3
l+1),
ul+1 = ul − τC∗yl+1
u¯l+1 = ul+1 + θ(ul+1 − ul).
 	 	  	 	 	 	 	  	  	   TV −L2  	 	
 	 5.2.3
  	 v

  	 v  	 5.45    	 L1 − TV   !  "
    	 4.5.6    	  	    	   	  
y˜l+1 = yl + σCv¯l
yl+1 = πβ
γ
(y˜l+1)
v˜l+1 = vl − τC∗yl+1
vl+1 = v˜ +
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
τβ  f(v˜l+1) < −τ ‖β‖2
−τβ  f(v˜l+1) > τ ‖β‖2
−f(v˜l+1)β‖β‖2 
v¯l+1 = vl+1 + θ(vl+1 − vl).
  	 	      vk+1 = liml→∞ vl
Discretization and Algorithm
 #	    TV − L2 	   TV − TV   	   
 	 
  $   %	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
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   TV − TV 	
 
 	  	 	 	

 	

f, α, β, γ,K
  v, u ← 0  < threshold
 uOldM ← u
 vOldM ← v
 y, u¯ ← 0 u < threshold
 uOld ← u
 y˜ ← y + σCuu¯
 y1 ← y˜1σ+1 − σf
	 y2 ← y˜2 − σS( y˜2σ , ασ )

 y3 ← solveAffine(y˜3,v)
  u ← u− τC∗uy
   u¯ ← 2u− uOld
  y, v¯ ← 0 v < threshold
  vOld ← v
  y˜ ← y + σCvv¯
  y ← y − σS( y˜
σ
, β
γσ
)
  v˜ ← v − τC∗vy
  v ← solveAffine(v˜)
 	 v¯ ← 2v − vOld
 
  ← |u−uOldM |+|v−vOldM |
2|Ω|
 v
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Realization of the TV − TV Mass Preservation Model
Primal-dual Framework
   	 
  
 

argmin
u,v=(v1,v2)
∫ T
0
1
2
‖Ku− f‖22 + α ‖∇xu‖1 + β ‖∇xv‖1 + γ
∥∥ut +∇x · (uv)∥∥1 dt.
     
   uk,vk    	

uk+1 = argmin
u
∫ T
0
1
2
‖Ku− f‖22 + α ‖∇xu‖1 + γ
∥∥∥ut +∇x · (uvk)∥∥∥
1
dt
vk+1 = argmin
v=(v1,v2)
∫ T
0
∥∥∥uk+1t +∇x · (uk+1v)∥∥∥
1
+
β
γ
‖∇xv‖1 dt
  	 u

  
     u   
    TV − L2 
 

 5.2.3
  	 v

    v 	    L1 − TV   
 
  
 4.5.7       
y˜l+1 = yl + σCv¯l
yl+11,2 = πβ
γ
(y˜l+11,2 )
yl+13 = π1(y˜
l+1
3 + σu
k+1
t )
vl+1 = vl − τC∗yl+1
v¯l+1 = vl+1 + θ(vl+1 − vl).
Discretization and Algorithm
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   TV −TV  	

     


 	

f, α, β, γ,K
  v, u ← 0  < threshold
 uOldM ← u
 vOldM ← v
 y, u¯ ← 0 u < threshold
 uOld ← u
 y˜ ← y + σCuu¯
 y1 ← y˜1σ+1 − σf
	 y2,3 ← y˜2,3 − σS( y˜2,3σ , ασ )

 u ← u− τC∗uy
  u¯ ← 2u− uOld
   y, v¯ ← 0 v < threshold
  vOld ← v
  y˜ ← y + σCvv¯
  y1,2 ← y˜1,2 − σS( y˜1,2σ , βγσ )
  y3 ← solveAffine(y˜3, u)
  v ← v − τC∗vy
  v¯ ← 2v − vOld
 	  ← |u−uOldM |+|v−vOldM |
2|Ω|
 
 v
5.4. Results
5.4.1. Datasets
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5.4.2. Image Reconstruction
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u = argmin
u
∫ T
0
1
2
‖Ku− f‖22 + α ‖∇xu‖1 dt
 	   	 &!      '     	    	  	
&! 
 ! v     
 	  	 !  	 u 	  (
  5.2.3 
(
  5.3.3   )
u = argmin
u
∫ T
0
1
2
‖Ku− f‖22 + α ‖∇xu‖1 + γ ‖ut +∇xu · v‖1 dt.
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 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6
APPLICATION OF THE JOINT MODEL
6.1. Cell-Tracking
6.1.1. Introduction
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6.1.2. Problem Formulation
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A
APPENDIX
A.1. Additional Mathematical Preliminaries
A.1.1. Basic Deﬁnitions
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	   n ∈ N   

α = (α1, . . . , αn), αi ∈ N0.
"         α, β   



α± β = (α1 ± β1, . . . , αn ± βn),
          

|α| = α1 + . . .+ αn.
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∂α :=
∂|α|
∂xα11 . . . ∂x
αn
n
.
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 	 	 α ∫
Ω
u∂αϕ dx = (−1)|α|
∫
Ω
vϕ dx, ∀ϕ ∈ C∞0 (Ω).
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Ω = (−1, 1) ∈ R, f(x) = |x| , ϕ ∈ C∞0 !     	  	 	 
	∫ 1
−1
ϕx |x| dx = −
∫ 0
−1
ϕxx dx+
∫ 1
0
ϕxx dx =
∫ 0
−1
ϕ dx−
∫ 1
0
ϕ dx− xϕ
∣∣∣0
−1
+ xϕ
∣∣∣1
0
=
∫ 0
−1
ϕ dx−
∫ 1
0
ϕ dx = −
∫ 1
−1
ϕsgn(x) dx
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C∞0 (Ω) :=
{
ϕ ∈ C∞(Ω) : supp(ϕ) ⊂ Ω  	 }
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	 	 C∞0 (Ω)!
 	 〈l, ϕ〉  	 	 l  	 ϕ ∈ C∞0 (Ω)!
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 u ∈ Lp(Ω)   			
 
〈u, ϕ〉 =
∫
Ω
uϕdx.

 
 Lp 	
 
 			
  
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 
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  	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δ	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δ(x) :=
⎧⎨
⎩0 	 x = 0∞ 	 x = 0 ,

∫
Ω
δ(x)dx = 1  

	 	 	
 	 
  
δ(ϕ) = 〈δ, ϕ〉 := ϕ(0)
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	"  		
 
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 #	
 
  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  	
  


 
 |α| 	
〈v, ϕ〉 = (−1)|α| 〈η, ∂αϕ〉 , ∀ϕ ∈ C∞0 (Ω)
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  u ∈ Lp 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〈
u′, ϕ
〉
= − 〈u, ϕ′〉 = − ∫
Ω
uϕ′dx =
∫
Ω
u′ϕdx,
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Θ : R → R, Θ(x) :=
⎧⎨
⎩0  x < 01  x ≥ 0 , 
  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  
 		   		
 
 
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
〈∂xΘ, ϕ〉 = −〈Θ, ∂xϕ〉 = −
∫
R
Θ(x)ϕ(x)dx =
∫ ∞
0
ϕ(x)
= ϕ(0)− lim
x→∞
ϕ(x) = ϕ(0) = 〈δ, ϕ〉 ,
	 
   δ!
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
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A.1.2. Inequalities
   #	$ %&	

'
 Ω   	 
  p, q ∈ N 
 1
p
+ 1
q
= 1   
 f ∈ Lp(Ω)
 f ∈ Lq(Ω)   fg ∈ L1(Ω)   
 
 &	

‖fg‖1 ≤ ‖f‖p ‖g‖q .
  '
 ‖f‖ > 0, ‖g‖ > 0 
 
 	
(    )  
‖f‖ < ∞, ‖g‖ < ∞ 
 
 
(   "
 '
  

 p, q ∈ (1,∞) 
 
   
	   f  ‖f‖  g 
‖g‖    ‖f‖ = 1 = ‖g‖
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√
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[ ]
A.1
ui,j,k, ui+1,j,k, ui,j+1,k, ui,j,k+1ui+1,j+1,k, ui+1,j,k+1, ui,j+1,k+1, ui+1,j+1,k+1.
ux, uy, ut
ut u
·,·,t u·,·,t+1
(i, j), (i + 1, j), (i, j + 1), (i + 1, j + 1) ut
ux+
1
2
,y+ 1
2
,z ≈ 1
4
(ux,y,z + ux+1,y,z
+ ux,y+1,z + ux+1,y+1,z)
ux+
1
2
,y+ 1
2
,z+1 ≈ 1
4
(ux,y,z+1 + ux+1,y,z+1
+ ux,y+1,z+1 + ux+1,y+1,z+1)
u
x+ 1
2
,y+ 1
2
,z+ 1
2
t ≈ ux+
1
2
,y+ 1
2
,z − ux+ 12 ,y+ 12 ,z+1
≈ 1
4
(ux,y,z + ux+1,y,z
+ ux,y+1,z + ux+1,y+1,z
− ux,y,z+1 − ux+1,y,z+1
− ux,y+1,z+1 − ux+1,y+1,z+1).
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Ux Uy
u
x+ 1
2
,y+ 1
2
,z+ 1
2
x ≈ 1
4
(ux+1,y,z + ux+1,y+1,z
+ ux+1,y,z+1 + ux+1,y+1,z+1
− ux,y,z − ux,y+1,z
− ux,y,z+1 − ux,y+1,z+1)
u
x+ 1
2
,y+ 1
2
,z+ 1
2
y ≈ 1
4
(ux,y+1,z + ux+1,y+1,z
+ ux,y+1,z+1 + ux+1,y+1,z+1
− ux,y,z − ux+1,y,z
− ux,y,z+1 − ux+1,y,z+1)
ux, uy, ut vi
u ∈ C2(Ω), u : Ω ⊂ R2 → R
∇ccu := (∂ccx u, ∂ccy u)T
∂ccx u :=
u(x+ h, y + h) + u(x+ h, y)− u(x, y + h)− u(x, y)
2h
∂ccy u :=
u(x+ h, y + h) + u(x, y + h)− u(x+ h, y)− u(x, y)
2h
∇u
∂ccx u
u uy
u(x+ h, y + h) + u(x+ h, y)− u(x, y + h)− u(x, y)
2h
=
u(x+ h, y) + huy(x+ h, y) + u(x, y) + hux(x, y)− u(x, y)− huy(x, y)− u(x, y) +O(h2)
2h
=
u(x, y) + hux(x, y) + huy(x, y) + u(x, y) + hux(x, y)− u(x, y)− huy(x, y)− u(x, y) +O(h2)
2h
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=
2hux(x, y) +O(h
2)
2h
=ux(x, y) +O(h)
u
ut + vux = 0,
(A.2)
(A.2)
A.2.1
uk+1j+1 + u
k+1
j − ukj+1 − ukj
2ht
+ v
uk+1j+1 + u
k
j+1 − uk+1j − ukj
2hx
= 0,
ht, hx v c :=
vht
hx
uk+1j+1(1 + c) + u
k+1
j (1− c) + ukj+1(c− 1) + ukj (−1− c) = 0.
uk· z
k
ukj = z
keijhx , a := eihx .
(A.4)
0 = zk+1a(1 + c) + zk+1(1− c) + zka(c− 1) + zk(−1− c)
↔ zk+1 = (a− 1)(1− c) + 2
(a− 1)(1 + c) + 2z
k.
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c c = 0, c > 0, c < 0
a > 1 c = 0 zk+1 = zk
c = 0 v = 0
c > 0 v > 0
(a− 1)(1− c) + 2
(a− 1)(1 + c) + 2 < 1,
c < 0
v < 0
(a− 1)(1− c) + 2
(a− 1)(1 + c) + 2 > 1,
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3 6
3.2.1
3.2.2
3.3.1
O(n)
A.4.1. Motivation
RF Φ
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A.4.2. Level-Set to Region Function
Φ
x ∈ R1 ⇐⇒ Φ(x) > 0
x ∈ R2 ⇐⇒ Φ(x) < 0
RF (x) =
⎧⎨
⎩1, Φ(x) > 02, Φ(x) ≤ 0
A.4.3. Region Function to Level-Set
Γ
[ ] O(n)
Fast Marching
Γ
F A.6
Γ Φ(x, t = 0)
y /∈ Γ
Φ(y, t = 0) = ±d
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[ ]
±d
Φ
Φt + F |∇Φ| = 0
Γ = Φ(x, t = 0)
Φ
[ ]
• Φ n = ∇Φ|∇Φ|
• Φ
F ≡ 1 x ∈ Ω
Γ
Φ [ ]
Φn+1ij = Φ
n
ij −Δt(max(D−xij Φ, 0)2 +min(D+xij Φ, 0)2 +max(D−yij Φ, 0)2 +min(D+yij Φ, 0)2)
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D+xij Φ
D+xij Φ =
Φi+1,j − Φi,j
Δx
Φ
•
•
• →
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n3 O(kn2)
T (x, y)
(x, y)
T
|∇T |F = 1
F = 1
|∇T | = 1
[ ]
A.5
max(max(D−xij T, 0),−min(D+xij T, 0))2 +max(max(D−yij T, 0),−min(D+yij T, 0))2 = 1
T
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O(n) Fast Marching Algorithm:
O(N)
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O(log(N))
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Imax
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Imax
d ∈ [T0, T0 + 1]
T0 K
i ∈ {1, . . . , K}[
T0 +
i−1
K
, T0 +
i
K
]
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